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PREFACE. 



This Treatise on the Doctrine of Limits is intended to 
contain all those portions of a mathematical course of reading 
which it appears desirable to recommend to students, as their 
employment during the second year of their residence in the 
University ; with the exception of the Elements of Mechanics, 
on which I have published separate works. It will, I think, 
be found convenient to have this group of subjects thus 
brought together ; because it may not only save the trouble 
of reference to many books, but may prevent the omissions 
and repetitions which occur when the system is made up of 
detached fragments; and may secure that connexion and co- 
herence in the reasoning, which are often wanting when a 
number of different persons undertake to construct each his 
section of the logical chain. 

But though these considerations appear to render such 
a work as the present desirable, they would probably not 
have been sufficient to induce me to encounter the labour 
and difficulty of writing it, if I had not thought that it 
would illustrate and promote the genuine objects of the study 
of Mathematics as part of a University education. I have 
already endeavoured to define those objects, and to extend 
our means of attaining them, and I will now make a few 
further remarks on the subject, with a special reference to 
the present Treatise. 
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All exact knowledge supposes the mind to be able to 
apply, steadily and clearly, not only the processes of reasoning, 
but also certain fundamental ideas; and it is one main office 
of a liberal education to fix and develppe these ideas. The 
ideas of Space and of Number are the subject matter of 
Geometry, of Arithmetic, and of Algebra in its character 
of Universal Arithmetic : and since all our knowledge, relative 
to the external world, must be subject to the conditions 
of space and number, the elementary portions of mathematics 
just mentioned are, rightly and necessarily, made the basis 
of all intellectual education. If we advance further in mathe- 
matical study, with the view of its thus serving as an intel- 
lectual discipline, what other ideas do we thus bring into 
activity and use ? I reply, that the main general ideas which 
we have next to introduce, and which consequently should 
be the governing principles of the studies of the second stage 
of a liberal education, are the following: — the mechanical ideas 
of Force and Body, with their various modifications ; the idea 
of the Symmetry of symbolical expressions; — the idea of the 
Universal Interpretation of symbols, including as an import- 
ant branch of this, the Application of Algebra to Geometry ; — 
and the idea of a Limit. In the present volume, I trust 
there will be found exemplifications and applications of all 
these ideas, sufficient to form the basis of a system of study, 
such as our object requires ; although the consequences of the 
last of them, the Doctrine of Limits, form the leading subject 
of the book. 

It will be easily seen that, according to the course of study 
hitherto usually prevalent in this University, after the first 
yearns studies are completed, all the ideas just noticed have been 
brought into use, although they may not always have been 
contemplated distinctly and separately. Mechanics has usually 
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been a prominent portion of the studies of the second year. 
Of the ideas which form the groundwork of this science, and 
of the mode in which they may be evolved into a scientific 
system, I have elsewhere given my views*. The idea of 
Symmetry is introduced when we consider the Symmetrical 
Functions of the Roots of Equations, and is thus the basis 
of the whole Theory of Equations : it is moreover of ex- 
tensive use and influence in the application of Algebra to 
Geometry. The Rules of Interpretation of Symbols are 
well exemplified by the investigations in which co-ordinates 
are used; and the principles of such rules, in their most 
general form, have of late years been exhibited in an able 
and striking manner -f-. The Doctrine of Limits has usually 
been studied in its principles in the First Section of Newton'*s 
Frincipia ; and in its applications in the Second and Third 
Sections, and in the sequel to the student^s progress, in the 
remainder of that immortal work. The idea of a Limit is 
also, as I have elsewhere shewn |, necessarily involved in 
every application of the Differential Calculus, whether to 
curves or to mechanical problems, And thus our course of 
study in the second year, in this University, has really been 
an intellectual discipline of a high order; exercising the 
students mind to a definite apprehension and ready use of 
the abstruse and comprehensive ideas of which we have 
spoken ; and opening to him the large and rich storehouses 
of knowledge, of which these ideas supply the key. 

In the following work I have somewhat extended the 
usual domain of the Doctrine of Limits, by including in it 
all those portions of Conic Sections which depend upon 
Tangents, and consequently all which concerns Conjugate 

* See The Mechanical Euclid. f See Professor Peacock's Algebra. 

X On the Study of Mathematics, &c. 
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Diameters. It appears to me that no other satisfactory basis 
can be found for any part of our knowledge of curves (except 
so far as our propositions only refer to straight lines inter- 
cepted by the curves). The Axiom of Archimedes, as it is 
called, respecting the length of arcs of curves, cannot be 
rendered entirely satisfactory in any other manner, as I have 
elsewhere urged*. And although the usual negative Defini- 
tion of a Tangent may be made the foundation of the pro- 
perties of some figures by reasoning ew ahsurdo ; the direct 
proof which ofi^ers itself when we define the tangent as the 
Limit of a line cutting in two points, resulting when the two 
become one, appears to be a more genuine demonstration. 

With this view I found it necessary to separate the pro- 
perties of Conic Sections into two parts; the first part 
(Book I.) being independent of the idea of a limit, (which 
forms the subject of Book ii.) and, besides its being necessary 
to the proof of the following portions of my subject, serving 
to illustrate the ideas of Symbolical Symmetry, and Interpre- 
tation, and the use of Co-ordinates. The other part of the 
properties of Conic Sections (Book iii.) comes after the 
Doctrine of Limits, on which it depends ; and besides its 
value in itself, supplies those propositions which are used 
in treating of Central Forces. (Book iv.) 

It thus happens, that my aim in writing a Treatise on 
Conic Sections has been different from that of most of those 
mathematicians who have preceded me in such an attempt. 
Their object has in general been to render their work as 
homogeneous and symmetrical as possible. They have en- 
deavoured to produce a system which should be rigorously 
geometrical, with no taint of symbolical reasoning; or else 
one which should be purely analytical : and they have sought 

* On the Study of Mathematics. 
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to make the demonstrations for the ellipse and hyperbola 
correspond as exactly as possible. My aim* has been to 
employ such demonstrations as should illustrate some prin- 
ciple or some process of extensive use ; and hence I have 
sought variety rather than uniformity in the kind of proof. 
I have demonstrated algebraically the properties of Conic 
Sections, which do not depend upon tangents; while I have 
given geometrical proofs of several other properties. I have 
deduced the property of the rectangles of oblique co-ordinates 
in the ellipse from the consideration of the circular projection 
of the ellipse ; — a mode of considering the ellipse, which it 
is very useful for the student to be acquainted with: while 
in the hyperbola I have deduced the same proposition from 
the general proportionality of the segments of parallel lines ; 
— a property which is true of all the Conic Sections. Thus 
the equality of all the tangential parallelograms, in the 
ellipse and in the hyperbola, is connected with two quite 
di£Perent sets of properties in the two curves; although this 
identity of property results from a clear analogy of definition, 
which connection, by adopting another line of reasoning, 
might be brought into view. By the method which I have 
adopted, it appears to me that the subject of Conic Sections 
is rendered more compendious than it can otherwise be made. 

In Book IV, which contains the application of the Doctrine 
of Limits to the direct Problem of Central Forces, I have 
followed almost exactly the steps of Newton in the second and 
third Sections of the Frincipia. It appeared to me that little 
could be gained by any deviation, in the way of evidence or 
conyenience : and the interest which belongs to these problems 
as features in the history of the greatest scientific discovery 
ever made, renders it desirable that the student should see 
the solutions in the form in which they came from the hand 
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of the great master. I have only modified them so far as to 
obtain an equation instead of a proportion for the value of the 
force. I have, however, added to Newton's propositions a few 
others, which it is inconvenient to the student not to know. 

The Difierential Calculus has, from the time of Dalembert, 
most commonly been treated as an application of the Idea of 
a Limit, as I have treated it in Book v. The attempt made 
by Lagrange to evade the use of this idea, however ingenious, 
is quite incapable of being realized, if this Calculus is to be 
employed in the solution of the problems which give it its 
meaning and value. The temporary favour which the project 
found in the eyes of some mathematicians, arose, as I con- 
ceive, from the persuasion that mathematical truths are ex- 
hibited in their most genuine shape when they are made to 
depend upon definitions alone; an opinion of which I hope 
I have made the falsity apparent*. I have endeavoured to 
avoid the incoherencies and defects which are often introduced 
in the attempts to develope the fundamental idea into a 
systematic Calculus. 

I have added a book (Book vi.) on the Integral Calculus, 
which may * conveniently be studied to a certain extent in the 
student's second year of residence. I have given certain pro- 
cesses of integration, but principally as examples of the 
methods which may be used. I have avoided following out 
this subject in a complete and systematic manner; a task 
which would have led me into too wide a field; and also, 
beyond the stage to which I wish to conduct my readers. 

I have not attempted to avoid coincidences with other 
books in the processes and proofs which I have given. We 
who at this time of day write on subjects so often treated 
of before, are all too dependent on our predecessors, whether 

* See Mechanical Euclid. 
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we know it or not, to have much right to complain of those 
who borrow from us. In further explanation of such coin- 
cidences, I may observe, that a few peculiar points which 
may have appeared in print before, as the proof of the pro- 
perties of the ellipse by means of the circular projection, and 
the Rules for the Reduction of Integrals (Book vi. Art. 31.) 
were originally, or at least independently, devised by me, 
and communicated to friends many years ago. 

If I shall have succeeded in producing a manual which 
brings together the mathematical studies of the second year 
in a convenient and satisfactory form, and in such a manner 
as to facilitate their operation in the way of intellectual 
discipline, I shall think my labour well bestowed. It is not 
likely that I shall hereafter endeavour to carry on to an 
ulterior point the scheme of mathematical education of which 
this volume and the Mechanical Euclid may be considered 
as portions. But I may take the liberty of stating here, 
in what direction I should prosecute my labours, if I should 
ever be led to make the attempt. My aim would still be 
to furnish the student^s mind with some additional wealth, 
from among those comprehensive and fundamental Ideas on 
which science. depends. I should wish, for example, to enable 
our young men to master two ideas of great importance and 
interest r^that of a Wave and that of Polarity. The former 
of these offers itself in the course of the sciences of Hydro- 
namics and Optics: — the latter occurs in various forms as 
the basi3 of a large portion of Optics, Magnetism, Electricity 
of all kinds, and Chemistry. My object would be, not to 
use any complex mathematical processes in tracing the con- 
sequences of these ideas; but to apply them in such cases, 
as without much mathematical reasoning nlight tend to make 
them fixed and clear in the reader's mind. It would be easy 
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to shew how far this has been from a common case. The 
general notion of a Wave, as a transfer of form distinct from 
a transfer of matter^ has been a stumbling-block to most un- 
mathematical reasoners; and the confusion and perplexity 
which have arisen from the attempts to grapple with this 
notion, have appeared on various occasions. Now this notion 
is the basis of the Undulatory Theory of Light ; as well as 
of all reasonings concerning the waves of water; and it is 
capable of being illustrated in a very elementary manner, to 
those who will give the subject a steady attention. Again, 
the notion of Polarity has been so far obscure among men 
in general, that many, and even mathematicians of note, have 
asserted that the phrase "Polarization of Light,^ was an 
arbitrary and unmeaning term. Yet it will be seen by a 
little consideration, that this is the only just phrase for the 
case; since Polarity, or Polarization, is the universal mode 
of describing an opposition of properties depending upon 
an opposition of positions. The same idea, variously modi- 
fied, might be illustrated by the fundamental doctrines of 
Magnetism, Galvanism, and the like; and when the student 
has gone through such elementary studies, he would be far 
better prepared, than without them he can be, to derive 
intellectual profit from the beautiful analysis which is ap- 
plicable to such cases ^. 

By extending our mathematical studies in this manner, 
alwlEiys insisting upon the most rigorous synthetical exposition 
of the elementary principles of each added portion, our mathe- 
matical education might become an intellectual discipline, such 
as the world has never yet seen, and such as it has not even 
learnt to hope for. Yet such an education alone can provide 

* See Mr Airy's Tracts, for the Undulatory Theory ; and Mr Murphy on The 
Prhiciples of Heat and Electricity, for the other subjects. 
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for the future progress and diffusion of real knowledge, and 
for the prosperity and advance of that civilisation which de- 
pends upon the diffusion of knowledge. It has been, and is, 
my ambition to contribute my efforts to the object of securing 
to this University a large share in the merit and glory of 
preserving, improving, and rendering effectual, an education 
thus truly liberal. 



I will proceed to make a few remarks on the foundations 
of the Doctrine of Limits. 

1. In the beginning of Book ii, I have stated the funda- 
mental principles of this doctrine, under the head ^^ Definitions 
and Axioms.**^ I have already observed, in reference to the 
Principles of Geometry and Mechanics, that there is no es- 
sential distinction between Definitions and Axioms. No prin- 
ciples of either of these kinds, it has been shown ^, can 
be the basis of truth, except the reasoner possesses in his 
mind the fundamental idea which they involve; and when 
the idea is there, the various modes of apprehending it 
which the reasoning requires, may be expressed either by 
means of Definitions or Axioms, or both. The same may 
be said with regard to the Doctrine of Limits. The funda- 
mental idea of a Limit is necessary in the first place; and 
this idea being clearly entertained, the resulting principles 
will be manifest, in whatever form they are enunciated. 
We may, for instance, either define the equiangular spiral 
' to be the Limit of the polygon whose sides cut all the rays 
at equal angles; or we ^ may define the equiangular spiral to 
be the curve which cuts all its rays at equal angles, and then 
state as an amomy that the. equiangular spiral is the limit 

* Remarks on Mathematical Reasohing in the Mechanical Euclid. 
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of a polygon all whose sides make equal angles with the ra3'S. 
In either case we have the same principles to refer to in 
our reasoning ; and in either case the foundation of our con- 
viction is our idea of a Limit. 

2. No rigorous reasoning concerning the tangent of the 
equiangular spiral can be carried on, except the idea of a 
Limit is referred to, either in a Definition or in an Axiom. 
In a former publication, containing the First Three Sections 
of Newton, I had overlooked this necessity, and had at- 
tempted to prove the properties of the equiangular spiral 
from a Definition not involving the conception of Limits. 
The reader who examines that demonstration carefully, or 
any other which is constructed on similar grounds, will find 
that there is one step in the proof altogether inconclusive. 
And in like manner we may say in general, that no proposi- 
tion can contain any assertion respecting a Limit in its con- 
clusion, except the idea of a Limit be involved either in the 
Definitions or in the Axioms which are its foundation. Any 
pretence to establish such an assertion under other conditions 
will involve some fallacy or other. 

3. The peculiar form of the fallacy, as it occurs in the 
demonstration formerly given respecting the equiangular spiral, 
was one of which the inconclusive character is manifest enough, 
although it may often be overlooked. In order to prove that 
the ratio of two rays Ry S is the same as the ratio of two other 
rays r, «, a number of intermediate rays were interposed in 
each case, as R\ i2", if'" &c., and r', r", r" &c. It was 
then shown that the ratios of R to R' and r to r are ultimately 
equal, as also of R' to R" and r to /', and so on ; and hence, 
assuming that 'all these ratios might be compounded, it fol- 
lowed that the ratios o( R to S and of r to « are equal. But 
it is manifest that this reasoning is fallacious. For if it were 



'-TW~f- 



PREFACE. XVn 



allowable, we might in the same manner argue, that all the 
ratios of R to R\ R' to R", R" to R'", and so on as far as S, 
are ultimately ratios of equality, when the number of inter- 
mediate magnitudes R\ R'\ i?"' &c. becomes indefinitely great : 
and therefore, compounding these ratios, the ratio of i? to iS' 
is a ratio of equality, whatever be R and S ; which is a mani- 
fest absurdity. 

4. If we look for the error of this reasoning, we shall 
perceive it to reside in this; that we have compounded an 
indefinite number of proportions which hold good ultimately 
only, and of which the number becomes indefinitely great by 
the same supposition by which each proportion becomes ulti- 
mately true. We may rightly compound an indefinite number 
of exact proportions, or a finite number of ultimate propor- 
tions: but if the number be indefinite while the proportions 
are ultimate only, the combination of all these proportions 
is inadmissible. While we try to approach the truth by 
infinitely diminishing the intervals, we remove it as far as 
ever by infinitely increasing their number. 

5. The same error occurs in a form slightly difierent in 
Prop. IV. of the Book upon Hydrostatics, in the " Mechanical 
Euclid.^^ It is shewn in that Book, Prop, iii, that the 
pressures on two sides of a particle are equal ; but this pro- 
position is in fact only ultimately true; and though the 
notion of Limits could not properly be introduced into that 
elementary work, the result of that notion is contained in 
the 7th Axiom of the Hydrostatics, which states that we 
may neglect the weight of a single particle : (that this Axiom 
is more correctly replaced by the principle of Limits, I have 
observed in the Scholium at the end of Book ii. of the present 
work.) And since Prop. iii. of the Hydrostatics is thus true 
ultimately only, we cannot assume .the results of its being ap< 

b 
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plied an indefinite number of times. But this is done in Prop. 
IV ; for the number of particles in a finite part of any side of a 
vessel will be infinite, and thus we have the same fallacy as 
before. This fallacy I shall take the earliest opportunity 
of correcting. 

6. From these examples we see that considerable care 
is requisite in establishing and applying the principles of the 
Doctrine of Limits. Athough it may be for the most part 
allowable to say that propositions which are true of finite 
quantities, are true of limits, this maxim cannot be universally 
applied ; and a series of propositions, such as those in Book ii. 
of the present volume, is necessary, in order to enable us to 
reason securely about the cases in which the consideration of 
Limits occurs. The establishment of such a series of propo- 
sitions by Newton, (the Lemmas of his First Section,) was a 
very great improvement of the mode of treating such ques- 
tions: since it enabled him to avoid the harsh hypotheses 
and insecure processes of his predecessors ; and gave to his 
method a rigour approaching to that of the Elements of 
Geometry. 

7* I have said a rigour approtiching only to that of 
Geometry : and I must further venture to say that I have 
endeavoured to supply what was wanting in this respect; 
and to make the Doctrine of Limits irreproachable in form, 
as it is solid in principle. For this purpose it has been 
necessary for me to modify in some degree, although very 
slightly, Newton'^s way of treating this subject. I shall 
mention one or two such points. 

8. I have introduced and stated all the definitions and 
axioms which I have employed in my reasoning; whereas 
Newton has commonly omitted to state such principles, and 
has in many cases left us uncertain what definitions or axioms 
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he would have selected, if he bad thought it necessary to make 
this part of his work formally exact. He does not define simi- 
lar ^figures ; nor eontinued curvature ; nor Jlnite curvature ; 
nor does he give the measure of velocity^ or of force^ on 
which his reasonings on those subjects depend. My business 
was to supply these defects; not however by attempting to 
divine what Newton's individual view of these points was; 
but by considering how I could best render the system 
coherent and complete. 

9. In doing this, I have followed to a considerable 
extent a maxim which appeared to me to be a convenient 
one ; although it has not, so far as I am aware, been steadily 
acted upon before. The maxim is this, that definitions and 
axioms are to be constructed so as to refer to finite rather than 
evanescent quantities. Thus a curve is the limit of a finite 
portion of a polygon : thus, again, I have not made the reason^ 
ings concerning motion to depend upon the definition that velo- 
city is the limit of the ratio of an evanescent space to an 
evanescent time; but upon the axiom, that if a body move 
for a finite time, the velocity increasing by steps instead of 
increasing continuously, the first kind of motion has the 
second kind for its limit, when the steps are indefinitely 
increased in number; and I have treated the propositions 
concerning force in the same manner. It appears to me that 
this identity of the Continuous with the Limit of the Dis- 
continuous, both being finite, is more plain and palpable, 
(as soon as the notion of a limit is attained,) than the rela- 
tions of evanescent quantities; although I have in other 
works, employed the other method ; which indeed is capable 
of being managed with perfect rigour. 

10. It would appear as if Newton had, in some instances, 
proceeded upon this maxim ; and this would afford an ex- 
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planation of a step in his reasoning of which it is other* 
wise not easy to give a satisfactory account. In his fifth 
Lemma he asserts, without proof, that corresponding por- 
tions of similar curve lines are proportional* Now, how 
would he have proved this? By considering the curves as 
the limits of polygons ? There appears to be no other way ; 
and a corollary to the fourth Lemma appears to countenance 
such an opinion. But this proof, it would seem, can then 
only be valid when the ultimate equality of the arc and the 
chord has been established; which is not proved till the 
seventh Lemma, and then by means of this very fifth Lemma. 
Here then we seem to reason in a circle: can we find an 
exit to it? 

11. The mode in which I have arranged the steps of 
this demonstration appears to me unobjectionable. The ulti- 
mate equality of ^finite portion of a polygon and a curve is 
a fundamental principle of the Doctrine of Limits. It is also 
a principle, that similar curves are the limits of similar 
polygons. Hence finite portions of similar curves are pro- 
portional; and this enables us to prove that the efoanescent 
chord and the arc are equal ; which is a truth less evident 
than the equality ot finite portions of the polygon and its 
limiting curve. And thus my first ten propositions are almost 
identical with Newton^s first ten Lemmas. 

12. In the definition of a tangent, I found myself 
obliged to define by means of an evanescent quantity. 
I do not conceive any definition but this, or one equi- 
valent to this, can lead to general propositions respecting 
tangents. 

13. As the measures of velocity and force, according to 
which they are the limiting ratios of the increments of space 
and time, and of velocity and time, are not given as defi- 
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nitions, it became necessary to prove them as properties 
which follow from our principles, which is done accordingly 
in Props. 10 and 12 of Book ii. 

14. I have already remarked that certain steps in the 
elementary reasonings of Mechanics and Hydrostatics, cannot, 
by any efiPort of simplification, be established without some 
assumptions equivalent to the Doctrine of Limits. The as- 
sumptions thus made, being without any clear ground, may 
very naturally be expected to leave some impression of dis- 
satisfaction on the minds of those who have a relish for 
rigorous demonstration. It is the office of the Doctrine of 
Limits to remove this dissatisfaction, by referring the as- 
sumptions just spoken of to their proper origin. This is 
done in the Scholium at the end of Book ii. 

15. The axiom which I have adopted as the basis of 
the reasonings concerning central forces, is (B. ii. Art. 15) 
that if a force be supposed to increase or decrease by steps, 
instead of varying continuously, the effect at the Limit, when 
the steps become infinitely numerous, will be the same as 
in the case of continuous variation. It is here to be under- 
stood, although it is not expressed, that the other conditions 
are the same, in the two cases of discontinuous and continuous 
variation ; that is, the body either falls from rest in both cases, 
or has in both the same velocity and direction of its motion 
when the force begins to act. 

16. This axiom is not exactly the one which is wanted, 
if we follow Newtotf s reasoning in the proof of the funda- 
mental properties of motion by the influence of a central 
force (B. iv. Prop. 1, 2). Newton^s demonstration would 
require us to assume this axiom; — ^that if a central force 
act impulsively at small intervals of time, and these intervals 
be indefinitely diminished, the limiting effect is the same 
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as that of a oontiniious central force. The difference of 
the two methods is, that here the force is supposed to od 
only at intervals; in our axiom, the force acts constantly, 
but its changeg take place at intervals. It would not be 
difficult either to accommodate the axiom to the proof or 
the proof to the axiom, and thus to produce an agreement 
which at present is not exact. For this purpose, the axiom 
ought to assert, that if the intensity and directum ot the 
force vary at intervals only, the limiting effects, when the 
intervals vanish, will agree with the effects of a force changing 
its intensity and direction continuously ; and the proof might 
then proceed by the same steps as Newton^s First Proposition. 



Tkikitt CoLLEOEj 
Jan. 1, 1838. 



ERRATA. 



PAGE LINE 

I 12 for of ^ as was read if AM was. 

5 6 for perameter read parameter. 

14 2 in /A« nwmeratoT for a' put ab» 

16 22 for perameter read parameter. 

21 7 dele from rest. 

50 ... In the Diagram and in the Note for N put M, 

51 18 /or CN^ read CE». 

59 8 for QCA' read QCQ\ 

65 17 for diameter read radius. 

65 after line 18 insert. 

Cor. 2. The arcs in a circle are as the angles at the centre : hence if 6 be any 

angle at the centre, measured by the arc of a circle of which the radius is 1, rB is the 

corresponding arc of the circle of which the radius is r. 

g 
Cor. 3. Hence if s be the length of the arc, 6 = — . 

67 after line 12 insert. 

Cor. 2. To find the curve surface of a frustum of a cone, let r, s be the radius 
of the base, and the slant side of the cone cut off, / the slant side of the frustum, and 
r + At the radius of its base. Then r : s :: k : l, whence rl = sk. And curve sur- 
face of frustum = 'jr{(r + /f)(« + /)-r*} = Tr{r/ + «Ar + A:/} = Tr{2r/ + A:/}=2'3rr/+Tr*/. 

After Prop. 7, Book iii, insert the following, which is referred to in Book iv, 
Prop. 18. (The Diagram of this latter Proposition is to be used.) 

PF,Px=BC'. 

For draw Pm a perpendicular upon AC and produce it to meet CF in z. Also 
draw Pn perpendicular on CB, and let the tangent PR meet CB in t. Then it may 
easily be proved that Cn. Ct = CB^, But Pm is equal to Cn, and Pz to Ct, being 
opposite sides of parallelograms. Therefore Pm,Pz= CB'. Also by similar tri- 
angles, Pm : Pa :: PF : Pz; whence Pa?. PF= Pm, Pz, Hence 

PF.PX:=BC'. 

Also insert this Diagram in page 11, 
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ADDITIONAL ERRATA. 



ar 



Page 127, line 6, for aeco80 = l-— read a^r co80 = 6«-ar 
lines 8, 9, 10, for b^ read 6*. 



2. If XAwj YAy be two lines cutting each other at 
right angles at the point A^ the position of any point P, 
situated in the plane of these lines^ is estimated by its dis- 
tances from the two lines. Thus if PM be drawn perpendi- 
cular to XAw, and PN to YAy^ the point P is determined, 
when PN and PM, that is, AM and MP, or AN and ATP, 
are known. 

AM is called the abscissa, MP the ordinate, and AM, 
MP the rectangular co-ordinates of the point P. Also JCAof 
is called the a^ of abscissae, and Fil^ the a<m of ordinates. 

3. If yj^ be not a right angle, MP is drawn parallel 
to AY, and AM, MP are obliqtte co-ordinates, 

* See the Diagram, page 3. 
A 



V APPLICATION OF ALGEBRA TO GEOMETRY. 

4. What was said in Art. 1, with respect to the signs 
( + and - ) of the lines measured on the axis of abscissas, 
may be applied to those measured on the axis of the ordinates : 
that is, AN or PM is + or -, according as it lies above 
or below the axis XAoa. 

Hence if x and y denote the abscissa and ordinate 
of any point P, the signs of these co-ordinates will be as 
follows. 



In 


the 


angle 


XAY, 


X 


is 


+ 


and 


y 


is 


+ 








YAw, 


a 


is 


— 




y 


is 


+ 








wAy, 


w 


is 


— 




y 


is 


— 








yAX, 


X 


is 


+ 




y 


is 


— 



Also if 0, sin d, tan Q represent an angle above AX^ and 
its trigonometrical functions ; - tan 0, — sin 0, - fl, will re- 
present the same when the angle is below AX. 

5. If a line PM move parallel to itself upon the indefinite 
line xAX^ and at the same time increase or decrease in such 
a manner that some relation between AM and PM con- 
stantly remains true; the straight line, or curve traced out 
by the point P is called the Uxms of P; and the relation 
between AM and MP^ expressed algebraically, is called the 
equation to the curve. 

6. If the equation to the curve be given, any number 
of points in it may be found, and thus its form determined 
and the curve traced. 

If the equation between x and y involve numerical co- 
efficients only, take ^»0, 1, 2, 3, &c. successively, and de- 
termine the corresponding values of y both positive and 
negative. Again, substitute negative numbers for x^ and 
proceed in the same manner, till a sufficient number of points 
are determined. The curve must pass through all these 
points. 

Example. Let SOy = 4*1?^ - 12a?* - 6Sx + SO be the 
equation to the curve; we shall find the following results. 
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When 


.1? = 0, 


y = +i 




a? = 1, 


y = -1.4 




0? = 2, 


y = - 3.3 




w^Sy 


y = - 5.3 




afss4f9 


y = - 5.3 




a? = 5, 


y = - 2.8 




a* = 6, 


y = + 2.8 



Hence the form of the curve is such as is represented 




in the figure, to the right of the point A. Also to find the 
remaining part of the curve, take .i? = - i, - 2, - 3, &c. 

When 0? = - 1, y = + 2.5 

.r = - 2, y = + 2.3 

.17 = -3, y = -|-0.1 

a? as — 4, y ^ — 5,5 

Hence the curve is such as is represented in the figure. 

7- If the equation to the curve involve literal coeflicients, 
the form of the curve may be traced in nearly the same 
manner. 

Example. Let mai = (a? + a) (a? - b) {at - c) be the 
equation to the curve. It may be shewn that the form of 
the curve is nearly the same as before ; the axis of w cutting 
the curve in three points. 

a2 
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8. If the equation to the curve involve only a finite 
number of algebraic terms, the curve is called algebraic ; 
but if the equation cannot be expressed in a finite number 
of such terms, the curve is called transcendental. 

9. Lines are divided into orders according to their 
equations; and are said to be of the 1st, 2d, 3d,...n^^ orders 
according as their equations are of 1, 2, d,...n dimensions. 

It will be shewn hereafter that an equation of one dimen- 
sion belongs to a straight line. Hence those curves whose 
equations are of two dimensions are lines of the second order, 
but they are the first order of curves; and so on. 

10. A straight line cannot cut a curve of n dimensions 
(that is a curve whose equation is of n dimensions) in more 
than n points. {Wood's Algebra, Art. 518.) 

11. Curves of the dd, 5th, 7th, &c. orders, and all whose 
dimensions are odd numbers, must have at least two infinite 
arcs; whereas the figures of those curves whose dimensions 
are even, may be like circles or ovals, that are limited within 
certain limits, beyond which they cannot extend. (Wood's 
Algebra, Art. 519.) 

12. If a geometrical property of a line be given, the 
equation to the line may commonly be found, and the line 
traced. The following are examples of this. 

13. A line is determined by the condition that the dis- 
tances of any point in the curve from 
a fixed point, and from a straight line, 
are equal to each other: to find its 
equation. 

The curve is called a Parabola, 
The fixed point is the Focus^ the 
straight line is the Directriw. 

Let S be the fixed point, EQ the straight line, to which 
PQ is perpendicular : then PQ = PS. 
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Draw SE perpendicular to EQ, PM perpendicular upon 
ES, Bisect SE in A, and let AS^AE^m, AM ^ w, 
MP^y, 

PW^SP^-SM^^P(¥-SM''^EM''''SM''^{w-^mY---{a}^my 

or, ^f = 4wj<r. 

The quantity 4w is the perameter. The curve passes 
through A, 

14. A line is determined by the condition that the dis- 
tances of any point in the curve from two fixed points are 
together equal to a constant quantity: to find the equation 
to the curve. 

The curve is called an Ellipse. The fixed points are 
the Foci, 

Let S9 H* be the fixed points ; PS, PH the distances ; 
therefore PH + PS is constant. Let PH + PS ^ 2 a. Draw 
PM perpendicular to HS; bisect SH in C, and let CM^x^ 
MP = y. Also let SC = ae. 

Then HP^ ^ HM^ ^ PM^ ^ SP" - SM' ; 

whence HP" - SP" = HM^ - SM' ; 

and (HP + SP){HP-SP)==(HM+SM)(HM'SM). 

But SP+HP=^a, HM+SM^2ae, HM-SM^^^CM^^w; 

whence 2a (HP - SP) = 2ae . 2a,', HP - aJP = 2e<2? ; 

also HP + SP=2a; 

therefore SP = a - ew, HP = a + ew. 

Now PM' = *i^ - aJM 2 = (a - e<r)« - (ae - ^p)« 

=:a2(l -e^)-.j?2(l-e«) 

15. Let Ay a, be the points where CS meets the curve ; 
therefore SA + iT^ = 2 a, that is, 2C-4 = 2 a, and CA = a. In 
like manner Ca — a: CA and Ca are each the semi-aosis 
major, 

* See the Diagram, page 6. 
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Let B be the point where a perpendicular to SH at 
the point C meets the curve. Therefore SB « HB^ and 
9,SB-9.a^ SB = a: CB is the semuaa^is minor. 



16. Hence, i - e* = — , 



b* 



(a — <r) (a + ^) a 



= -t:. or 



2 



and y^ = -5 (a*'* - a?^) 
AM. Ma " AC' 



17. If a cirde be described with center C and radius 
CJ9 and if JIfP meet this circle in 

= ^Jlf . Ma : 

MP' b^ b 

Hence, -^^ „ = —; MP--Mp\ 



Mp' 



a' 



a 




and the ordinate of the semi-ellipse 
is in a constant ratio to the ordinate 
of the semi-circle described on the axis major. 

This semi-circle is called the circular projection of the 
semi^Uipse : the point p is the circular projection of the point 
6, and the line Cp of the line CP* 

18, A line is determined by the condition that the dis- 
tances of any point in the curve from two fixed points shall have 
their difference equal to a constant quantity : to find its equation. 

The curve is called the Hyperbola. The fixed points 
are called the Foci, 

Let Sf H be the fixed points, PS^ 
PH the distances, therefore PH - PS 
is constant: let PH-PS^^a. Draw 
PM perpendicular to HS ; bisect SH 
in C ; and let CM = a?, MP = y ; also 
let CS = ae. 

Then HP^-^HM^^^PM-^SP'-'SM' i 
whence HP^ ^SI^^ HM^ - SM^ ; 
and (HP^SP){HP' SP) = (HM + SM)(HM'^SM). 




^w— ^^^^ 
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But HP'SP^^a, HM'-SM^^ae, ItM^SM=2CM=2w; 

hence (HP + SP) . 2a = 2ae . 2w. HP + SP = 2e.v. 

Also HP'SP= 2a, 
therefore HP = ca? + a, SP = ea? - a. 
Now PJ/« = SP' - aSJ/^ = (eo? - a)^ - (a? - ae)^ 

The equation gives the curve APy and also another curve 
api which is the opposite hyperbola. 

19. Let Ay a be the points where CS meets the curve : 
therefore SH - SA = 2a; that is, ^CA^Za^ and CA = a. 
In like manner Ca = a, CA or C*a is the semi-axis major. 



20. 



Let _ = e^ - 1, and CB 
a^ 



a 



=b. 



y' 



(a? — a) (a? + a) a* 



or 



21. Two lines drawn in a hyperbola cut each other; 
given the angles at which they are 
inclined to the axis, to find the ratio 
of the rectangles of their segments. 

Let PP^9 Qtf be two lines drawn 
in the hyperbola PQP^Q^^ which meet 
in a point O. 

Let PMy OL be drawn perpen- 
dicular, and OK parallel to the axis. 

Let ^L = a, iO = /3, AM = w, MP^^y; let OP:=:r, 
and let the angle POK = ip : 
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then 0? a= AM « AL -i- OK = a + r cos 0, 
y = if P = Z O ■»- -TP = /3 + r sin 0. 
The equation to the hyperbola is 

-(^-a«)-SrSor_-|-l-0. 

Putting for tv and y their values, this becomes 
/co^ sin' <p, \ ^ ^/' acos0 /jsin^ ^^ _ g* ^» 

This is a quadratic equation, in which r will have two 
values, and these values will be OP, OP^, Let the coefficients 
of the terms of the equation be represented by m, 2n, p : then 
the equation is mi^ — 2nr + p = 0. 

Whence the two values of r are 

i3 



and »-^(^,_£); 



P 

and the product of these is — . 

m 
Hence the product OP . OP' is ^ ^ ^ 



cos'* rf> cos* (f) 



In like manner if QOQ! make an angle >//^ with OJT, we 
shall have 



cos* ^ sin* >/^ 
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Hence 



OQ . 0& 
OP. OP' 



a' 


6» 


COS*\|^ 


8in*>/f 



a' 



6» 



This is true also if the points P' or Q' be in opposite 
hyperbolas. 

22. If in a hyperbola two lines intersect each other, 
and if two other lines, parallel to 
the first respectively, also intersect 
each other; the rectangles of the 
segments of the first two lines, and 
the rectangles of the segments of 
the other two will have the same 
ratio. 

Let PP, QQ! be two lines which 
intersect in O; pp\ qq two other 
lines parallel to the former which 
intersect in o: 

then OQ.OQ! : OP . OP :: oq . oq : op. op'. 

OQ . OQ! ^ V cos^^ - a^ sin*0 _ oq . 09' 
OP . OP " l^ cos^ yf/ -- a^ sin^ yf/ op . op' * 

For (f) is the same for PP and for pp\ because they 
are parallel: and for the same reason, \f/ is the same for 
qq! and qq\ 

23. A straight line to which a curve approaches per- 
petually so as to come nearer to it than any finite distance, 
is called an asymptote to the curve. 

An asymptote may be found by expanding the equation 
to the curve according to inverse powers of the abscissa. 
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24. 



To draw an asymptote to the hyperbola. 

»-.V(«--)4V(-J') 



,8 



= — (1 ^ : + &c.) 



bx ab a^b 



+ &c. 




If we draw AE perpendicular to CA and equal to b* 

and join C£, meeting the ordinate MP 

btV 
m U, we shall have MR = — . 

a 

^^ ^^ «'^ « 
Hence PR « + — r - &c. 

Therefore PR becomes indefinitely 
small, as x or CM becomes indefinitely 
large; and CR is an asymptote to the 
curve AP. 

There is another asymptote C£', making an equal angle 
with AC. 

Tlje asymptotes are also asymptotes of the opposite 
hyperbola. 

25. A straight line being drawn through any point 
in the curve meeting the two asymptotes 
of the curve, to find the two portions of 
this line. 

Let CMj MP be the co-ordinates of 
Py QN perpendicular on CA^ PK parallel 
to CM. 

Let CM:^iV, MP^y, PQ^r, angle 
jQPK^ (p, angle QCA = 0. 



Hence, 




CN = r cos + or, NQ = r sin 4- y» 



f-:" 
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whence, r sin ^ + y » tan (r cos <f) + .v) 
y = a? tan 9 - r (sin (p — tan 6 cos (p). 

But - = — —r = tan 6, and y^ = -r (a?^ - a*) ; 
a JC or 

hence, y^ =; {ai^ - a*) tan'^ 0. 

But by the above, f/^^od^ tan* - 2 r a? (tan sin <j^ - tan^ cos 0) 

+ r^ (sin (p - tan cos 0)*. 

Hence, r^ (sin (p - tan cos (py — 2rw (tan sin - tan* cos (p) 

+ a* tan* = 0; 

or !•* — — - + • ^ 0. 

' sin — tan cos (p (sin ^ — tan cos 0)* 

This equation gives us for PQ, the value (taking the 
proper sign) 

12? tan - \/a?* - a* tan 
sin — tan d cos (p 

In the same manner we shall find the value of -PQ' if 
we put - tan for tan 0, which gives the line CQ' instead 
^of CQ; that is, from the equation, 

0? tan + \/a?* - a* tan 6 



PQ' = 



sin (p + tan d cos (p 



Since tan* = -- we have hence 



sin* <j^ - tan* cos* o* sin^ (p ^h^ cos* ' 

26. The product of the segments PQ. PQ' is equal for 
all parallel lines. 

t;i oi^ n^' a*tan*0 , 

For PQ.PQ= . -^pq-pq^ 

sin (p — tan* a cos* (p 

Since is the same when QQ', gg^' are parallel. 
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27. To find the point at which PQ = PQ'. 
In this case, 

sin — tan cos ip sin + tan d cos (j> 

X — \/^ — a* sin ^ — tan cos 
so + \/a?^ -o^ sin ^ + tan cos ' 



cT 



ss tan cotan ; 



0^ 



a 



a 



a 



I - tan* Q . cotan* ' ^{l - tan* cotan* (p) 

/^ y-z 1 « tan* cotan A 

y = tan 6 y/ar - or =: — — r-^ ^ 



V^(l - tan* cotan* 0) 

Let PCM = \j/; tan ^ = - = tan* cotan (p, 

V 
Hence tan d> tan \t = tan* «= -^ . 

28. At the point where PQ = P(i^ to find the product 
of CQ and Ci^, 

Draw ilfi?, PaS parallel to Q^C ; TP 
parallel to QC. Then it is easily seen 
that CM = 2CJ? cos 0, and PJlf = 2PT 

sin0 = 2i2AS'sin0. 



Whence Ci? = 



^ 



2COS0 



, RS^ 



2sin0' 



CS^ 



w 



y 1 ( y \ 

mm. < /I? + > 

an 2 cos 1 tan 0j ' 



2 cos 2 sin 
And therefore, by last Article, 

1 1 + tan cotan 




c*y = 



2 cos /y/(l - tan* cotan* <p) 
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TT ^x> ^« « 1 + tan cotan 

Hence CQ^2CS^ —r, rn 1^- 

cos 6 v(l - tan' cotan* 0) 

In like manner, making negative, we have 

f a 1 — tan cotan (f) 

"^cose ^(l - tan* cotan*-0) ' 

^^ ^^ «* 1 - tan* cotan* 
Hence CQ.CQ^^ — ^5 , . 20 , 2I 

cos* 1 - tan* cotan* 



a* 



cos*0 



= a* + a*tan*0»a* + 6' 



29. At the same point, to find CP and PQ. 

Let CP=r, PQ=PQ'=«, PCM^y\f. Then ,r = r cos >/., 
y ^r sin >|^ ; and since y^ «= tan* (/p* - o*), 

r* sin* y\f = tan* (r* cos* >^ - o*) 
a tan d ah 



r = 



y^(tan*0cos*>^-sin >^) -y/(6*cos*\^ -• a*sin*>^) 

Also by the triangle CPQj 

8 sin {0 - yf/) sin cos yj/ - cos sin yj/ 
r sin (0 - 0) sin cos - cos sin 

cos -^ tan — tan \/f sin >^ tan — tan yj/ 



cos tan (j) — tan d cos tan tan >^ — tan tan >|/^ ' 
or since tan <j) tan \// «= tan* 0, and r as above ; 



8 = 



r sin xl^ a 

COS tan cos -y/(tan* . cotan* a^ — 1) ' 

« ^ ^ tan0 tan0 ^ , 

But tan cotan \^ = = ^ = cotan 9 tan 0. 

^ tan>^ tan^ ^ 
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Hence 8 '• 



COS -^/(cotan* tan* 0-1) 



a* 



^(a* sin* (p-b^ cos* 0) 

30. The proofs of the following propositions may be 
found in Francosur^s Pure Mathematics, WaucTs Algebraical 
Geometry, Hamilton's Analytical Geometry, LacroiaPa Trigo- 
nometric, and other similar works. 

The equation to a straight line is y ^ax -k-hi where 
a is the tangent of the angle which the line makes with the 
axis of ^, and h is the distance from the origin at which it 
intersects the axis of y. 

31. Let a, a be the abscissas, /3, ^ the ordinates of the 
points; then the equation to the required line is 

a — a 

The two points may be called the points (a, /3) and (a , 0t) 
respectively. 

32. To find the equation to a straight line perpendicular 
to the line y ^ ax -^b^ and passing through the point (a)3). 

1 ^ 
The equation is y - /3 = — (♦-«)• 

a 

33. To find the angle {&) contained between two given 
lines y — aw-^-b^ y^^aw-^-b': 

, . a-^ a' 

we have tan0 = 



1 + oo' * 



If the lines are parallel, a « a ; if perpendicular, a' = — ; 
as in Art. 32, 
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34. To find the intersection ( Jf, Y) of two lines 

y = atr + 6, y = a! x + h' : 

6' - 6 ah' - clh 

we have X = -, , F = 7— . 

o — a a — a 

36. To find the distance between two given points (a )3), 

The distance is a/ {(a - a)* + (/^ - /3)^{. 

36. The equation to a circle of which the radius is -y, 
and the center (aj3), is 

{a, - of + (y - ^r = y . 

37. Every equation of one dimension in an and y is an 
equation to a straight line; and the line may be traced by 
means of the equation. 

Examples. To trace the following lines: 

(1) 2y + 2a? + 4 = 0. 

(2) y = 2d?. 

(3) y - J? + 4 = 0. 

(4) Sy - 2j? - 9 = 0. 

(5) a? = o. 

(6) y = 0. 

38. Every equation of two dimensions in os and y, is an 
equation to a conic section ; either parabola, ellipse, hyper- 
bola, circle, or two straight lines; and the equation being 
given, we may determine to which conic section the equation 
belongs, and may trace the curve. 

Examples. To determine the conic sections to which 
the following equations belong: 



Id application of alaebba to geohetry. 

(1) y* - axy + Sai'-Sy~*x + 5 = 0. 

a* 1 

(2) y»-a,y+ — -j.+ - = 0. 

(S) 4y* + iwy + 8j!* + iaa) + 8y + 1 = 0. 

(4) s* ~ 2a!ff -ar'-y + T* = 0. 

(5) 4y* - 8^y + jr" + 4y + 2^ - 2 = 0, 

(6) y»-2jFj + a^ -8ar+ 16-0. 

39- A cone is a solid generated by the reTolution of 
a right-angled triangle about one of its Bides. The angle 
contained between the fixed side and the hypothenuse of the 
triangle is the vertical angle. 

To find the equation of tfae section of a right cone by a 
plane. 

Let the vertical angle of the cone be ^ ; let the angle which 
the cutting plane makes with the axis be a, and the distance of 
this plane from the vertex along the axis ~ c- 

If a be greater than /3, the section is an ellipse, if a be 
equal to j3i it is a parabola, if a be less than )3> i^ i^ ^ 
hyperbola. 

In the ellipse and hyperbola, 

c sin a sin l3 cos & 

semi-axiB major -^-- " ^ . 

sin (a + /3) . Bin (o - ;3) 



m-axis minor = - 



" V'{Bin(a + /3).flin(o-/3)|" 
In the parabola the perameter (see Art. 13) is Icsin* — . 

40. A conic section may be made to pass through five 
given points. 
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41. To transform the co-ordinates of a curve; that is, 
having given the equation to any co-ordinates, to find the 
equation to any other co-ordinates. 

If «r, y be the original rectangular co-ordinates, JT, Y 
new oblique co-ordinates, 9 the angle which X makes with 
07, and ff the angle which Y makes with y; we have 

x^ X cos -I- K cos fl', 
y « Jf sin + F sin 9, 

42. The position of any point may also be determined 
by 'polar co-ordinates; that is, by knowing the distance AP^ 
(which we may call r), and the angle PAX (which we may 
call 0) : the point A is called the pole. 

If there be an equation given between r and d, the locus 
of P will be a curve determined by this polar equation. 

43. Given the rectangular equation of a curve, to find 
the polar equation. 

44. If the pole be at the focus, and be measured from 
the axis major, (beginning at the nearest extremity of it) the 
polar equations to the ellipse and hyperbola, are respectively, 

r =s ; r = 



1 + e cos ' e cos + 1 

46. The polar equation to the parabola is 

2m 



r = 



1 + cos 



* See Diagram, p. 3. 
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THE DOCTRINE OF LIMITS*. 



DEFINITIONS AND AXIOMS. 

Art. 1. The Limit of a proposed magnitude is that to 
which the magnitude can approach indefinitely near. 

The proposed magnitude is supposed to be given by a 
hypothetical construction, of which the hypothesis is modified 
in some indefinitely progressive manner; for instance, some 
given quantity is supposed to be divided into parts, and the 
number of these parts is indefinitely increased, and the mag- 
nitude of each part indefinitely diminished. A magnitude 
depending on the given quantity approaches its Limit, as this 
hypothetical division of the quantity is indefinitely continued ; 
or as the hypothesis approaches its ultimate form, 

2. The Limit of a proposed Figure or Position is, in 
like manner, that figure or position to which the given figure 
or position can approach indefinitely near, by indefinitely 
extending the hypothesis of the construction. 

3. A magnitude is said to be ultimately equal to its 
Limit ; and the two are said to be ultimately in a ratio of 
equality. 

4. A line or figure ultimately coincides with the line 
or figure which is its Limit. 

* Newton Principia, Book I. Section I. 
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5. The Definitions, Axioms, and Propositions in which 
Limits are concerned,- may be enunciated by means of three 
clauses; of which the first expresses the hypothetical con- 
struction; the second its indefinite ea;tension; the third the 
limiting property, 

6. If a finite portion of a curve be taken, and if many 
points be taken in the curve, so as to form a polygon^, the 
sides of which are chords, taken in order, of portions of the 
curve ; — 

And if the number of these points be increased indefinitely, 
and the magnitude of each side of the polygon consequently 
diminished indefinitely ; — 

The curve is the Limit of the polygon. 

Let ^B be a finite portion of a curve, and let points P, Q, R, 
be taken, and chords AP, PQ, QRy SB be 
drawn ; — 

When the number of these points is in- 
definitely increased, and the distances, AP, 
PQ, &c. indefinitely diminished ; — 

The curve AB is the limit of the poly- 
gon APQRB, 

7. The construction of Art. 6 being made, and extended 
indefinitely, and any side of the polygon being produced ; — 

The limiting position of this line is a Tangent to the 
curve at the point through which it is drawn. 

Let AT he the limiting position of AP, when AP is indefinitely 
diminished; AT is a. tangent to the curve AB at A. 

8. The construction of Art. 6 being made, and extended 
indefinitely ; — 

If the limiting angle made by two successive sides of 
the polygon (one of them being produced) be not finite at 
any point, the curve has continued curvature. 

* The term polygon is, in this work, employed to describe a broken line made 
up of a series of straight lines, although the broken line do not return into itself 
so as to inclose space. 
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9. Two curves touch each other at any point, when 
they have the same tangent at that point. 

10. If a line (BD*) be drawn, making a finite angle 
with the tangent (AD)^ this line {BD) is the subtense of 
the angle of contact at the point A ; and the intercepted 
curve {AB) is the conterminous arc. 

11. If a circle be drawn, touching a curve at any point, 
and cutting it in a second point ; — 

And if the second point approach indefinitely to the 
first ; — 

The Limiting Circle thus obtained has the same curvature 
as the curve at the point at which they they touch. 

1{ AbBf be any arc of a curve, having AD for its tangent, 
and if ABb be a circle touching AD and cutting the curve in B ; 
if B approach indefinitely to A, the Limit of the circle ABb has 
the same curvature as the curve AB at the point A, 

12. The curvature of a circle is finite^ when its diameter 
is finite. 

13. If in a finite portion of a curve any polygon be 
inscribed, and if the figure revolve about any axis, so that 
the curve may describe a surface of revolution, and the poly- 
gon may describe an assemblage of conical surfaces; — 

And if the number of sides of the polygon be increased, 
and the magnitude of each diminished indefinitely; — 

The curve surface is the Limit of the assemblage of conical 
surfaces. 

14. When a body moves with a variable finite velocity 
for a finite time; if this time be divided into many small 
portions, and if the body be supposed to move during each 
of these portions in succession with the same velocity, con- 
tinued constant, which it has at the beginning of that 
portion ; — 

* See figure to Prop. 7. of Uiis Book. 
t See figure to Prop. 9. 
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And if the number of these portions be increased indefi- 
nitely, and the magnitude of each portion consequently di- 
minished indefinitely ; — 

The motion which takes place on this supposition will 
have for its Limit the motion produced by the variable 
velocity. 

16. When a body is urged frma— ce&t by a variable 
finite force for any finite time; if this time be divided into 
many small portions; and if the force be supposed to act 
upon the body during each of these portions in succession, 
with the same intensity, continued constant, which it has at 
the beginning of that portion; — 

And if the number of these portions be increased inde- 
finitely, and the magnitude of each portion consequently 
diminished indefinitely ; — 

The motion which takes place on this supposition will 
have for its Limit the motion produced by the variable 
force. 

16. A quantity which is determined by a hypothetical 
construction, and which, by extending the construction inde- 
finitely, may be made smaller than any finite quantity, ulti- 
mately vanishes, 

17- When a finite magnitude and another finite mag- 
nitude have a difference which ultimately vanishes, the former 
magnitude has the latter for its Limit. See Prop. 1. 

18. If ^ be any finite magnitude, and fi a quantity 
which ultimately vanishes, /ulJ ultimately vanishes. 

19. If a parallelogram have one side which always re- 
mains finite, and another which ultimately vanishes, the area 
of the parallelogram vanishes ultimately. 

20. When a figure is determined by a hypothetical con- 
struction, the properties which are true when the construction 
is indefinitely extended, are properties of the limiting figure. 

This is expressed by saying, that what is true up to 
the limit is true at the limit. 
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21. SifnUar curvilinear Jigures are those which are the 
Limits of similar polygons. 

22. If several lines or rays be drawn from the same 
point or pole, and if a polygon be constructed, the angles 
of which are upon the rays, and the sides of which mak^ 
successively equal angles with the successive rays towards 
the same parts; — 

And if the number of rays which fall within a given finite 
angle be indefinitely increased, and the angles which they 
make with each other consequently indefinitely diminished ; — 

The Limit of the polygon is the equiangular spiral. 

23. If two straight lines be drawn in such a manner 
that the two extremities of the one coincide ultimately with 
the two extremities of the other, the two lines are ultimately 
equal and coincident. 

Thus*, if the two straight lines Ab, Ad, have the extremity 
A common to the two, and if the extremities b and d ultimately 
coincide, the lines Ab, Ad are ultimately equal and coincident. 

24. On the same suppositions, if there be any curve 
which always lies between the straight lines, and of which 
the extremities ultimately coincide with those of the straight 
lines respectively, the curve is ultimately equal to and co- 
incident with either of the straight lines. 

Thus*, if the curve -4c 6 be always between the straight lines 
Ab, Ad, and if its extremity b ultimately coincide with the ex- 
tremity d, the curve Acbis ultimately equal to and coincident with 
either of the straight lines Ab and Ad. 

■ 

25. In reasoning concerning the Limits of magnitudes, 
we may employ the same axioms, and therefore the same steps 
and processes, which are true concerning actual quantities. 

For example, magnitudes, and the Limits of magnitudes, 
are either ultimately equal, or else ultimately differ by a finite 
magnitude. 

* See figure to Prop. 7- 
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26. If magnitudes are ultimately equal to the same, they 
are ultimately equal to each other. 

27. If two magnitudes which are ultimately equal be 
added respectively to two other magnitudes which are ulti- 
mately equal, the wholes are respectively ultimately equal. 



Prop. I. (Newton, Lemma i.) 

1. Two quantities which constantly tend towards 

equality while the hypothesis approaches its ultimate 

form, and of which the difference, in the course of this 

approach, becomes less than any finite magnitude, are 

ultimately equal. 

The two quantities must either be ultimately equal, or else 
ultimately differ by a finite magnitude (Art. 25.). If they are 
not ultimately equal, let them ultimately have for their dif- 
ference the finite magnitude 2>. But by supposition, as the 
hypothesis approaches its ultimate form, the difference of the 
two magnitudes becomes less than any finite magnitude, and 
therefore less than the finite magnitude D. Therefore D i§ 
not the ultimate difference of the quantities. Therefore they 
are not ultimately unequal. Therefore they are ultimately 
equal. 

Prop. II. (Newton, Lemma ii.) 

If in any curvilinear space, bounded by a curve and 
its two co-ordinates, be inscribed any number of adja- 
cent parallelograms, having their sides parallel to the 
co-ordinates, and having their bases, along one of the 
co-ordinates, equal ; — 

And if the breadths (or equal sides) of these parallel- 
ograms be diminished and their number increased inde- 
finitely ; — 
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The sum of the inscribed parallelograms, that of 
the parallelograms similarly circumscribed, and the curvi- 
linear space itself, will be ultimately equal. 

Let ^ac£ be the curvilinear space; Ab^ 
Bcj Cdf the inscribed parallelograms; Al^ 
, Bmy Cn^ Doj the parallelograms similarly 
circumscribed. The excess of the sum of the 
latter above the sum of the former, is the 
sum of the partial excesses, the parallelograms 
aby 6c, cd, dE; and this is manifestly equal 
to Aly because the bases bm^ en, do are each equal to AB. 

When the breadth AB is diminished indefinitely, and the 
number of the parallelograms indefinitely increased, the excess 
Al^ of the circumscribed above the inscribed parallelograms, 
decreases; and the two sums tend constantly to equality. 
And in approaching the ultimate form of the hypothesis, the 
difference A I becomes less than any finite magnitude, because 
the side A a remains constant and the side AB is indefinitely di- 
minished (Art. 19). Therefore the conditions of Prop. i. are ex- 
actly satisfied, and the two quantities, the sums of the inscribed 
and of the circumscribed parallograms, are ultimately equal. 

The curvilinear space is always greater than the sum of 
the inscribed and less than the sum of the circumscribed paral- 
lelograms. Therefore the difference between this space and 
either sum is always less than the difference of the two sums. 
Therefore the same conditions and reasoning apply to the 
curvilinear space, as to the two sums of parallelograms, and 
it is ultimately equal to either of the sums. 



Prop. III. (Newton, Lemma iii.) 

If the same hypothesis be made, except that the 
breadths of the parallelograms are not supposed equal ; — 

And if the breadths be all diminished indefinitely as 
before ; — 
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The same assertion is true, as in Prop. ii. 

Let AF (fig. p. 24) be the greatest of the breadths of the 
parallelograms; and let the parallelogram FAafhe completed. 
If the parallelogram Afhe divided by the lines m6, nc, od^ 
each of the partial excesses ab^ be, cd, dE, will be either 
less than the corresponding portion of the parallelogram Afj 
or equal to it. Hence the whole excess will be less than the 
parallelogram Af» 

When all the breadths are diminished indefinitely, the 
sums of the inscribed and circumscribed parallelograms, and 
the curvilinear space, tend to equality, as before. And the 
difference is always less than Af^ and Af ultimately becomes 
less than any finite magnitude. Therefore ultimately the in- 
scribed and circumscribed parallelograms and the curvilinear 
space are all equal. 

Cou. 1. Every portion of the ultimate sum of the paral- 
lelograms is equal to the corresponding portion of the curvi- 
linear space. 

CoE. 2. The polygonal figure contained by the chords 
a6, 5c, erf, dE, is greater than the inscribed and less than 
the circumscribed series of parallelograms; and hence this 
polygonal figure is ultimately equal, in all its parts, to the 
curvilinear figure. 

CoE. 3. The same may be said of the polygonal figure 
formed by drawing tangents to the curve at the points a, 
6, c, rf, E. 

Cob. 4. If a parallelogram ABbk be inscribed in a curve 
ABba^ and if the breadth AB ultimately vanish, the parallelo- 
gram ABbk and the portion of the curve ABba are ultimately 
equal. 

^ ABba ABbk + akb akb 

For -rrrr-r = T^rr-, = 1 + 



ABbk ABbk ABbk 



/ 
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^ , dkh , . _ , albk , .... 

And ,_, , IS always less than ,^, , ; that is, it is always 

less than — •; which ultimately vanishes when B comes up to 
Ai since h and I coincide at a. 

ABba . y , , 
Therefore ■■ ^, , is ultimately 1. 
ABbk ^ 

Cor. 5. In nearly the same manner as in the Proposition, 
it may be shewn that if, upon the figure AaE (p. 24), be 
erected a solid figure ; bounded by surfaces all parallel to the 
same line; — so as to form upon the rectangles Al^ &c., paral- 
lelopipeds ; and upon the curve aEy a figure resembling a 
cylinder*; — and if this solid be bounded by another plane 
parallel to AaE; — the sum of the inscribed parallelopipeds, 
that of the circumscribed parallelopipeds, and the cylindroidal 
solid, will be ultimately equal. 

Cor. 6. Also, if the figure AaE revolve about the axis 
AEy (the ordinates Aa^ &c. being perpendicular to AEf) the 
rectangles Al^ &c. will generate cylinders; and the curve aE 
will generate a figure resembling a portion of a sphere*; and 
the sum of the inscribed cylinders, the sum of the circumscribed 
cylinders, and the spheroidal solid, will be ultimately equal. 

Prop. IV. (Newton, Lemma iv.) 

If in two figures be inscribed, as in Props, ii; and iii., 
two series of paraUelograms equal in number;- 

And. if, when the breadths of these parallelograms 
are diminished and their number increased indefinitely, 
the ultimate ratios of the parallelograms in the one figure 
to those of the other, each to each, be all the same ; — 

The curvilinear figures are also in the same ratio. 

« 

* See Scholium of Definitions, Book iii. 
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Let AaEi PpT be the two figures; and let the ratios 





E P T 

r, d : Sy &c. of the corresponding 



a : p^ b : qy c 

parallelograms be ultimately all the same. 

Let this ratio he m : n. And let 



a : p :: m 

b : q :: m 

c : r :: m 

&c. 



w (l + a) 
n (1 + /3) 
w (1 + 7) 



where a, ^, 7, are quantities which vanish in the ultimate 
form of the hypothesis. 

Hence na{l+a)=mpy nfe(l+/3)=m^, nc(l+7)«nr, &c.; 
and adding, n(a+aa+6+&j3+c+C7+&c.) = m(j> + g + r + &c.) 

a + 6 + c + d + aa + 6j3 + C7 + &c. m 
p + g + r + &c. n ' 



That is. 



^, o + 6 + c +' &c. aa + 6/3 + cv + &c. m 

That is, — + '—- = — . 

p + q + T + &c. p + q + r + &c. n 

Let fA be the greatest of the quantities a, fiy 7, &c. : 
then, since these all ultimately vanish, /m ultimately vanishes. 
Now, since a, j3, 7, &c. are all less than ^u, aa + fe/3 + C7 + &c. 
is less than a/n + bfi -{■ cia-{- &c., 

, «a + 6/3 + C7 + &c. . _ , a/uL -\- b/ui +C/X + &c. 
and -n IS less than 



p-i-q + r + kc. 

that is, than /n 



p + g + r + &c. 

(a 4- 6 + c + &c.) 
p + q + r -\- &c. 
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But when '- is ultimately finite, 

p + 9 + r + &c. 

{a-^-h-^c-^ &c.) , . _ . , , . 

u ummately yamshes. (Art. 18.) 

p + 7 + r + &c. "^ 

r«« 0> X >. .. . ^Gf + ^)3 + cy + &c. - . - . - 

Therefore a fortwrty F ^: ultimately vanishes. 

Therefore is ultimately equal to — . (rrop. i.) 

p + g + r + &c. • * n 

Therefore ultimately 

a + b -^c -^ &c. : p + q -{-r -^ &c. :: m : n. Q. e. d. 

Cob. Hence if two quantities of any kind be divided into 
the same number of parts ; and those parts, when their number 
is increased and their magnitude diminished indefinitely, have 
a given ratio each to each ; namely, the first part of the one 
quantity to the first part of the other ; the secpnd to the second, 
and so on ; these two quantities will be in the given ratio. 

For the parallelograms in the Prop, being taken to re- 
present the parts, the figures will represent the quantities in 
question, and their ratio will therefore be the ultimate ratio 
of the parts. 

Euclid. Book VI. Def. 1. 

Similar rectilineal figures are those which have their several 
angles equal, and the sides above the equal angles proportional. 



Lemma to Prop. V. 

Two similar polygons have corresponding portions 
of their perimeters proportional to homologous lines in 
the two polygons; and the areas of the polygons are 
proportional to the squares of the homologous lines. 
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Let SABCDE, sabcde, be two 
similar polygons. Therefore, as in 
Euclid, Book vi. Prop. 20, the tri-- 
angles^S.y, abs; BCS, bcs; CDS, 
cds; DES, des; are similar re- 
spectively. Hence 

BC : BS :: be : bs, 

and BS : AS :: bs : as; 

therefore BC : AS :: be : as. 

In like manner it may be shewn, that 

CD : AS 

and that DE : AS 

also, by similar triangles, AB : AS 

Hence (Euclid v. 24. Cor. 2.) 

AB^BC-hCD + DE : AS :: ab + bc-i-cd+de : as, 
whence AB+BC-^-CD + DE : ab + bc + cd+de :: AS : as. 

That is, corresponding portions of the perimeters of the poly- 
gons are as their homologous sides. 

Also, by Euclid vi. 20, the areas of the polygons are 
proportional to the squares of the homologous sides. 



cd 




as, 


de 




as. 


ab 




as. 



Prop. V. (Newton, Lemma v.) 

In two similar curvilinear figures, corresponding finite 
lines, whether straight lines or portions of the curves, are 
proportional ; and the areas of corresponding parts of the 
figures are as the squares of homologous lines. 

Since (Art. 21) similar curvilinear figures are the limits 
of similar polygons, let the polygons be drawn of which the 
two similar curvilinear figures are the limits (see the preceding 
figures), as SABCDE, sabcde. Then, by the Lemma, 
AB + BC + CD + DE : ab + bc -]-cd + de :: AS : as. And 
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this proportion is true when the number of sides of the 
polygons are increased, and their magnitude diminished inde- 
finitely. Therefore (Art. 20) it is true of the Limits of the 
perimeters of the polygons ABODE 9 abcde; that is, of the 
curves ABCDE9 abcde; therefore 

curve ABCDE : curve abcde :: AS : as. 

Also, by the Lemma, the polygonal areas 

ABCDE : abcde :: square of AS : square of as; 

and this is true always, and therefore for the Limit. Therefore 
curvilinear area ABCDE : curvilinear area abcde :: square 
of AS : square of as. 

Prop. VL 

If from a point ^ in a curve ACB, any lines AB, 
AC he drawn cutting the curve; 
and \i Ah^ Ac be taken always in 
a constant ratio to AB^ AC^ so 
that a second curve Ach may be 
constructed; the curve Ach shall 
be similar to ACB, and the two curves shall have a 
common tangent at the point A. 

The triangles ACB^ Acb, produced by this construction, 
will always be similar; wherefore the angles will be equal 
and the sides proportional ; and therefore the polygons ACB, 
Acb will be similar. Hence the curves ACB, Acb^ which 
are the limits of the polygons, (Art. 21) will be similar 
curves. 

Also the tangent to the curve ACB at the point A 
is AD J the ultimate position of the side of the polygon AC^ 
when the number of sides is increased and the magnitude 
of each diminished indefinitely (Art. 7) ; and the tangent of 
the curve Acb is the ultimate position of the line Acy that is, 
ACy under the same circumstances. Therefore the tangent 
of the two curves is the same line AD, 
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Prop. VII. (Newton, Lemma vii.) * 

If through any point, in a curve of continued curva- 
ture, there he drawn a tangent, and also a chord, meet- 
ing the curve in a second point : and if the tangent 
he limited hy a secant (or line cutting the curve) through 
the second point ; — 

And if the second point approach indefinitely near 
to the first; — 

The ultimate ratio of the arc, the chord, and the 
tangent is a ratio of equality. 

Let AD^ AB be the tangent and the chord of ACB 
respectively; BD the secant. 
Let Ad he taken always equal 
to a finite magnitude; let bd 
be drawn parallel to BD^ meet- 
ing ^6 in d\ and let a curve 
Ach be constructed as in 
Prop. 6, which will therefore 
be similar to ACB^ and have 
the same tangent AD, by that 
Proposition. And by Prop. 5, 
when AB is finite, the arc ACB^ 
the chord AB, and the tangent 
AD will be in the same ratio 

as the arc Acb, the chord Ab, and the tangent Ad. There- 
fore, by Art. 20, when AB vanishes, the arc ACB, the chord 
ABy and the tangent AD will still be in the same ratio as 
the arc Acb, the chord Ab, and the tangent Ad. 

But if EAy AB be two successive sides of the polygon, 
of which the curve is the limit, if EA be produced to F, 
the angle FAB ultimately vanishes, because the curve has 
continued curvature (Art. 8). 

And the ultimate position of EAF is the tangent AD 
(Art. 7). Therefore the angle DAB ultimately vanishes. 
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Therefore the points b and d ultimately coincide, and the 
lines Abj Ad, are equal and coincident. (Art. 23.) 

Therefore the curve Acd is ultimately equal to and co- 
incident with either of the lines Ab, Ad. (Art. 24.) 

Therefore, since it has been proved that the lines ACB, 
AB, and AD are always in the same ratio as Acb^ Ab^ and 
Ady the line ACB is ultimately equal to ajid coincident 
with either of the lines AB and AD. 

That is, when the arc ACB vanishes by the approach 
of B to A9 the curve is ultimately in a ratio of equality to 
the chord AB9 and the tangent AD. 

CoE. 1. If through the second point B, be drawn BF 

parallel to the tangent, and AF a secant a^ e p 

through A parallel to BD^ BF will uUi- 
mately be equal to the arc ACB ; for BF ^|r-r 
is equal to AD. j \ 

Cor. 2. If several secants be drawn through 5, as jBZ), 
BE^ or through A^ as AF^ AG, all the abscissas (or lines cut 
off) AD, AE, BF, BG, will ultimately be equal to the arc, 
and therefore to each other. 

Cor. 3. Hence these lines, in the ultimate form of the 
hypothesis, (namely on the supposition that B approaches 
indefinitely near to A,) may be taken for each other. 

N. B. The secants must all make with the tangent 
angles which are ultimately finite. 

Prop. VIII. (Newton, Lemma viii.) 

If two lines, drawn through the first and second 
points in the curve, make with the chord, the curve, 
and the tangent at the first point three triangles; — 

And if the second point approach indefinitely near 
to the first; — 

The three triangles are ultimately similar as to 
form, and in a ratio of equality. 
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Let ARj BR (Fig. p. 31) be the two lines; and making 
the same construction as in last Proposition, let dbr he 
parallel to DBR. 

Let Ad remain finite when B approaches indefinitely to A ; 
therefore Ab, Acb^ Ad coincide; and the three triangles rAby 
rAdy rAcbf are ultimately identical as to form, and in a 
ratio of equality. Therefore the three triangles RAB^ RAD, 
RACB, (which are always similar and proportional to the 
others by Prop. 6.) are ultimately similar as to form, and 
in a ratio of equality. 

Cor. Hence these triangles, in the ultimate form of the 
hypothesis, and in all reasonings founded upon it, may be 
taken for each other. 

Prop. IX. (Newton, Lemma ix.) 

If through a fixed point in a curve there be drawn 
a secant, and if through two variable points of the curve 
there be drawn ordinates (that is, parallel lines) meeting 
the secant, and making two triangles (each having a 
curvilinear side;)— 

And if these two variable points approach at the 
same time indefinitely near the fixed point ; — 

The two triangles will ultimately be in the ratio 
of the squares of their corresponding sides. 

I Let A be the fixed point, 5, C, the variable points, BDy 

I CE the ordinates to the secant AE. 

Let c be taken in AC produced, 
and let the curve Abe be always 
similar to ABC, ABb being a 
straight line. Let also ordinates 
bd, ee be drawn meeting the se- 
cant; and let AFGfg be a tan- 
gent to ABC, and therefore to Abe. 
(Prop. 6.) 

C 
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Let Ae remain constant while C and B approach inde- 
finitely io ^.< The angle cAg or CAG will vanish; the 
triangles Abd^ Ace will ultimately coincide with the triangles 
Afd, Age; and the areas Abd, Ace will ultimately be in 
the same ratio as the areas Afd^ Age; namely, by similar 
triangles^ as the squares of Ad, Ae, But the areas ABDy 
ACE are proportional to the areas Abd^ Ace; and AB^ 
AD are proportional to Aby Ad^ by Prop. 6. Hence it 
follows that ABDy ACE^ are ultimately as the squares of 
AD, AE. 

Prop- X. 

If a body move with any finite (variable) velocity, 
and if there be taken a curve of which the abscissas 
represent the times, and the rectangular ordinates the 
velocities of the body at the times respectively; the 
areas of the curvilinear space intercepted by the ordi- 
nates will be proportional to the space described in 
the respective times. 

Let the ordinates of the curve JHfC, from D to £, 
represent the velocities, at the times which are represented 
by the abscissas from AD to AE; the area BDEC will be 
proportional to the space described in the time DE. 

Let the time DE be divided into any small portions, 
DM, MN, NO, OE, and let the 
ordinates Mm, Nn, Oo, be drawn, 
and the parallelograms BM, mN, 
nO,oE,he completed. If the body 
were to move during the portion 
of time DM with the velocity which 
it has at the beginning of that 
portion, the space would be pro* 
portional to the velocity and time 
jointly; and therefore proportional 
to the product DM and DB, or to the rectangle BM. In 
like manner, if the body were to move during the portion 
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of time MN with the velocity which it has at the beginning 
of that portion, the space described in that portion would 
be proportional to the rectangle mN\ and similarly for the 
other portions. 

Therefore if the body were to move during each of the 
portions of time with the velocity which it has at the be- 
ginning of that portion, the whole space described would be 
proportional to the sum of the rectangles BM^ mN^ nO, oE. 

But if the number of these portions be increased indefi- 
nitely, and the magnitude of each portion consequently in- 
creased indefinitely, the space thus described will have for its 
limit, the space described by the variable velocity, in the whole 
time, by Article 14f. 

And on the same supposition, the sum of the rectangles 
will have for its limit the curvilinear area BDEC^ by Prop. 3. 

Therefore the space described in the whole time, will be 
proportional to the curvilinear area BDEC. a. e. d. 

CoE. 1. The velocity at any point is the limit of the 
quotient of the increment of the space, divided by the cor- 
responding increment of the time, when these increments 
vanish. 

For, completing the parallelogram BDEG^ 

BDxDE^BDEG; 

, «^ BDEG BDEC BDEG 
and BD = — ^^ =» — ^^ x ^_ „^ ; 

DE DE BDEC 

BT)EC* 
and when DE vanishes, the limit of ■ is 1, by Cor. 4, 

BDEC 

BDEC 
to Prop. 3. Therefore BD is equal to the limit of — ^„ 

when DE vanishes. 

But BD represents the velocity, DE the increment of 
the time, and BDEC the increment of the spaces. 

■^. , _ . ,. . <• increment of space 

Therefore velocity = limit of -; ^-7; . 

•^ increment of time 

C2 
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Prop. XL 

If a body move by the action of any finite (variable) 
force, and if there be taken a curve of which the abscis- 
sas represent the times, and the (rectangular) ordinates 
the force at the times respectively, the areas of the 
curvilinear spaces intercepted by the ordinates will be 
proportional to the velocities generated in the respective 
times. 

Cos. 1. The force at any point is the limit of the 
quotient of the increment of the velocity, divided by the 
corresponding increment of the time, when these increments 
ultimately vanish. 

This Proposition and Corollary are proved from Article 
15, in exactly the same manner as Prop. 10. from Article 14, 
substituting in the proof, " force*^ for " velocity'^ " velocity 
for "space,'' and "velocity generated'' for "space described. 






Cor. 2. The construction to Prop. 10. being made, and 
BF being drawn a tangent at J?, meeting EC in F^ the force 
in this construction at the time ^£> is represented by the 

fraction -;r-. 
BG 

For by Cor. 1, the force at the time AD is equal to the 

... - increment of velocity .... 

limit of — ; ^r-. -'^ that is, it is equal to the 

increment of time 

CG 
limit of rrr^Ln wheu DE vanishes. But when DE vanishes, 
DE ' 

CC FC 

C comes up to JB, and by Prop. 8, the limit of — — is . 

DE DE 

FG FG 
Therefore, rr-zr or -— ^ represents the force. 
DE BG 

FG 

Cob. 3. In this construction, if the force be finite. 

BG 

is finite, and the curve makes a finite angle with the abscissa. 
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Prop. XII. (Newton, Lemma x.) 

If a body be urged by any finite force, the spaces 
described from the beginning of the motion, when they 
are taken indefinitely small, are ultimately as the squares 
of the times. 

Let the construction of Prop. 10. be made. And since 
the spaces are taken from the beginning of the motion, 
when the velocity is nothing, the curve, the ordinates of 
which represent the velocities, will meet the abscissa; and 
since the force is finite, will meet the abscissa at a finite 
angle, by Cor. 2. to Prop. 11. 

Let ABC (see fig. p. 33) be this curve, AD^ AE being 
any two times; therefore by Prop. 10, the areas ADByAEC 
will represent the spaces described from the beginning of the 
motion. But by Prop. 9, these areas are ultimately (when AD^ 
AE are indefinitely diminished,) as the squares of the AD and 
AE. Therefore, the spaces described from the beginning of 
the motion, when the times are indefinitely diminished, are as 
the squares of the times, a. £^ n. 

CoE. 1. If the force be constant, the velocity IXB in- 
creases proportionally to the time AD, and ABC is a straight 
line. 

Cob. 2. Hence the space described in any time by the 
action of a constant force from rest, is equal to half the 
space described in the same time with the velocity last 
acquired. 

For the space described in the time AE is represented 
by the triangle AECy while the space described in the time 
AE with the last acquired velocity JEJC, is the rectangle 
AE X EC, which is double the triangle. 

Cob. 3. When the force is not constant, the space de- 
scribed from the beginning of the motion is ultimately half the 
space described in the same time with the last acquired velocity. 

For both these spaces are ultimately equal to what they 
would have been had the force been constant, as appears by 
the figure. 
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Cor. 4. If / represent a constant force, measured by the 
velocity which it would produce in a time \y ft will be the 
velocity produced in time /, and therefore, by Cor. 2, ^/<* 
will be the space described from each in a time t^ 

Cob. 5. Since a the space s= -J//*, and v ^fU «*=*^/. \f^'i 
whence t>' «= 2/». 



Prop. XIII. (Newton, Lemma xi.) 

In curves of finite curvature, the subtense of the 
angle of contact is ultimately as the square of the con- 
terminous arc. 

Case 1. When the subtense is perpendicular to the 
tangent. 

Let AB be the arc. Ah any other arc; let BD^ bd^ both 
perpendicular to ADy be subtenses ; and let 
BGf hg be drawn perpendicular to the chords 
ABj Abf meeting in G, g^ the line AGg per- 
pendicular toAD» The semi-circle described 
on ^6 will always pass through the point B. 

The curvature of the curve at A is the 
same as the curvature of the circle which is 
the limit of the circle ABG (Art. 11). But 
the curvature of the curve at A is finite; 
therefore the curvature of the limjt of the ^ 
circle ABG is finite; therefore (Art. 12.) 
the diameter of the limit of the circle 
ABG is finite; therefore AG has a finite limit. 

Let this limit be AL Therefore AI is the ultimate value 
oi AG and of Ag, 

The triangles BDA^ ABG are similar; (for they have 
right angles BDA^ ABG, and equal angles DBA, BAG.) 

Therefore GA : AB :: AB : BD; 
and therefore AG ^ BD ^ AB\ 
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In like manner Ag x bd^ AV. 

„ AB" GAx BD AG BD 

Hence. — : — = — : ■= — x . 

' AV gAx bd Ag bd 

And ultimately AGf Ag are each equal to AIj and there- 
fore equal to each other. (Art. 26.) Therefore ultimately 



-— e= 1 ; and therefore ultimately -—5 

•Ag Av 



BD 

bd 



Therefore ultimately 



BD (chord ABf 
Td " (chord Ab)* 



L . 1-.- .1 chord AB arc AB , „ ' 
but ultimately ^-j— ^ - -^^^^; by Prop. 7; 



therefore ultimately 



BD (arc ABy 
bd " {sLTcAby" 



etf C D 



therefore ultimately BD : bd :: (urcABy : (arc A by. 

Case 2, Let the subtenses BD^ bd, be inclined to the 
tangent BD at equal angles. Then BC^ bCf ^ 
being perpendiculars as before, BD : bd :: 
BC : be by similar triangles; and BC : be :: 
{ABy : (Aby by the former case; therefore, 
in this case also, BD : bd :: (ABy : (Aby. 

Case 3. Let the subtenses BD, bdj be 
inclined to AD at an angle, variable according 
to any law, but ultimately finite. 

Let BC9 6 c be drawn parallel to the ulti- 
mate position of the subtense BD. Then BD 
is to BC ultimately in a ratio of equality. In 
the same manner bd is to be ultimately in a ratio of equality. 
Therefore ultimately 

BD : bd :: BC : be :: AB^ : Ab% by the last Case. 
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Cob. 1. If ^F be a chord of the cirde of curvature 
parallel to the subtense BD^ ultimately ^ ^ 

AV .BD^ Alf. For in the circle 
ABWj the angle BWA is always equal to 
BAD, and BAW to ABD. Therefore 
the triangles ABD, WAB are similar; 
therefore AW : AB :: AB i BD, and 
AW.BD^AB". 

And ultimately AW becomes AV, 
AB becomes equal to AD, and the 
circle becomes the circle of curvature 
AOY: 

Therefore AV.BD^AD^ ultimately. 

Cor. 2. If DA, DC are two tangents meeting in D, 
ultimately^ when C comes up to A, 
DC = DA, 

Draw a subtense BD, and AV, CX 
the chords of curvature parallel to it. 
Then by the last Corollary, 

AV.BD^DA\ CX.BD^DC 

Therefore, 

DC : DA' :: CX , BD : AV . BD 

:: CX : AV 

and therefore ultimately DC^ : DA° are 
in a ratio of equality, and DC = DA. 




SCHOLIUM. 

ON POINTS WHERE THE CURVATURE IS NOT FINITE. 

1. Def. If AB, AC be two curves 
having a common tangent AD\ and if DCB 
be the subtense; the ratio of the angles of 
contact BAD, CAD of the curves AB, AC, 
is measured by the ultimate ratio of the 
subtenses BD, CD* 
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2. Prop. If the subtense DB be as AD^y and DC as 
Aiy^ the angle of contact of AC is infinitely less than that 
of AB. 

For let d6c, parallel to DCBy be drawn; then 





DB : 


d6 : 


: AD" : 


Ad^ hy hyp. 


Whence 


DB^ : 


dft' : 


: AD^ : 


^tf 


also 


DC : 


dc : 


: Aiy : 


Ad? hy hyp. 


whence 


DC? : 


dc> : 


: JD^ : 


^d« 


therefore 


D5» : 


dl^ : 


: DC : 


dc« 


and 


Z)5» : 


dV' : 


: DC : 


DC.dc* 


or 


DEP : 


DC : 


: d6» : 


Z)C . dc». 



Let ^d, and therefore dby dc, remain finite, and let AD 
be indefinitely diminished. Then ultimately DC vanishes, and 
the ratio dfc' : DC.dc^ becomes infinitely great. Therefore 
the ultimate ratio of DB^ : DC^ is infinitely great ; and there- 
fore so also is the ratio of DB : DC, and that of the angle 
of contact BAD to CAD. 

3. Prop. If the subtense DB (fig. above) be as AD^ 
and DC as AD", where m is less than n, the angle of 
contact of AC with AD is infinitely less than that of AB. 

For because 

DB : db :: ^D" : Ad"', DB'' : db"" :: AD""" : Ad''* 
so DC : dc :: AD" : Ad\ DC^ : dc'^ :: ^IT" : ^d"" 
hence DB* : db* :: DC" : dc"". Multiply by DC"" 
DB* : db* :: DC : DC*-^*" dcT 
or DS" : DC" :: db* : DC*''*dc*'. 

When D approaches indefinitely to A, DC vanishes, and 
therefore DC*'"* vanishes, because n—m is positive; but db, dc 
remain finite. Therefore the ratio DB* : DC* becomes in- 
finite; and therefore the ratio DB : DC, and that of the angles 
of contact BAD to CAD. 

4. Cob. Hence if DB be made successively to vary as 
AD'i, AD\ AD', AD^, AD", AD\ &c. we shall have an infinite 
series of angles of contact each infinitely less than the pre- 
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ceding ; and if we take DB successively as -42)*, AD^^ AD^j 

AD*^ AD^^ AD^j &c. we shall have another infinite series of 
angles of contact, of which the first is of the same kind with 
the angles of contact in circles (Prop. IS), the next infinitely- 
greater, and each angle infinitely greater than the preceding. 
Moreover between any two of these angles we may insert a 
series of mean terms, infinite in each direction, of which each 
is infinitely less or infinitely greater than the preceding one. 
Thus between the terms AD' and AD^ we may insert the 

series ^D«, AD^, AD^, AD^, AD^, AD^, JDS JD«, &c. 

And again, between any two of the angles of this series, we 
may insert a new series of intermediate angles, differing from 
each other by infinite intervals. And there is no limit to 
this progression of properties. 

5. Def. When the circle of curvature is 
infinitely large^ the curvature is considered as 
infinitely small, and conversely. 

6. Prop. If the angle of contact of AC 
be infinitely less than that of AB, the diameter 
of the circle of curvature of the former curve 
will be infinitely greater than that of the latter. 

Let BCD be perpendicular to AD, BG to 
AB, CH to AC. 

Then AG.BD^AB^, AH.CD^AC 

And ultimately AB^^AC^, therefore ultimately 

AG.BD-:^AH.CD', 

or ultimately AG : AH :: CD : BD. 

If therefore CD be infinitely less than BD ultimately, 
AH will ultimately be infinitely greater than AG: that is, 
the diameter of curvature of AC will be infinitely greater. 

7. Cob. 1 . The curvature of a curve is infinitely less than 
that of another curve, when the circle of curvature is infinitely 
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greater. Hence propositions concerning the curvatures agree- 
ing with those already proved concerning the angles of contact 
(Arts. 2, S, 4 of this Scholium) are true. 

8. Coil. 2. The curvature of a circle and of any conic 
section is finite. Hence Prop. 13 is true of all points of 
such curves; but not of points of curves where the curvature 
is infinitely greater or infinitely less than that of a circle. 

SCHOLIUM. 

OK CERTAIN AXIOMS AND PROPOSITIONS IN MECHANICS. 

1. In the elementary parts of the science of Mechanics, 
certain axioms are employed of the following kind: (see 
Mechanical Euclid, Book i. Def. 14, 15, l6) : that a heavy 
line may be supposed to be constituted of a row of heavy 
points ; that a heavy plane may be supposed to be constituted 
of lines ; and that a heavy solid may be supposed to be con- 
stituted of a series of planes. But these suppositions are not 
consonant to geometrical notions, since points cannot make 
up a line, or lines a plane, or planes a solid. To make the 
reasonings satisfactory, in which such axioms are employed, 
we must introduce the notion of Limits; and must employ 
the following axioms, by means of which the reasonings, with 
a slight alteration, will be valid. 

2. Axiom. A heavy body being supposed to be divided 
into particles, and each particle collected at a point in the 
particle itself, the mechanical effect of all the particles is, 
ultimately^ (when the magnitude of each particle is diminished 
indefinitely,) equal to the effect of the body. 

3. In nearly the same manner the reasoning may be 
made satisfactory concerning fluids. In order to avoid the 
use of limits in the elementary propositions of Hydrostatics, 
we employ an axiom of this kind : (Mechanical Euclid, B. ii. 
Axiom 7.) : that finite pressures and weights which are equal, 
except so far as the effect of a single particle is concerned, are 
absolutely equal. The propositions which are proved by 
means of this axiom, may be more rigorously enunciated and 
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proved by taking the limiting propositions; namely, when 
the particle becomes indefinitely small. For example, we 
shall have, instead of Prop. 3. (Mech. Euclid, B. ii.) this 
Proposition ; — In a fluid at rest, the pressures upon a particle 
in different directions are ultimately (when the particle is 
indefinitely diminished) equal. And the whole of the reason- 
ing may be accommodated to this statement of the Pro- 
position. 

4. In the doctrine of motion also (Mech. Euclid, B. iii.) 
certain Propositions are assumed as axioms, in order to avoid 
the introduction of Limits. For instance. Axiom 3 : — If two 
bodies move, having their velocities at every instant in a con- 
stant ratio, the spaces described in any time by one body and 
by the other will be in the same ratio. 

This Proposition may be demonstrated by means of 
Article 14 of this Book. For if the time be divided into any 
small portions, and if the two bodies move, retaining for each 
of these portions, the velocities which they have at the be- 
ginning of each portion ; the spaces in the corresponding 
portions of each motion will be in the constant ratio of the 
velocities of the two bodies; and hence the whole space 
described by one body and by the other on this supposition 
will be in the same ratio. But the spaces described by the 
bodies on this supposition, have for their limits (when the 
portions are indefinitely diminished) the spaces described with 
the constantly varying velocities. (Art. 14 of this Book.) 
Hence the latter spaces are in the constant ratio, as was 
asserted. 

5. In exactly the same manner may be proved the Pro- 
position assumed in Axiom 9, (Mech. Euclid, B. iii. Prop. 13.) 
— that if two bodies move so that their accelerating forces 
at every instant are in a constant ratio, and are in the direction 
of the motion, the velocities added or subtracted in any time 
are in the ratio of the accelerating forces. This would follow 
from Art. 15 of this Book. 

6. The other Proposition stated as Axiom 8, (Mech. 
Euclid, B. iir.) would be proved nearly in the same manner. 
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CONIC SECTIONS. 



1. The Conic Sections which we here consider are the 
Parabola, Ellipse, and Hyperbola. 

THE PARABOLA. 

The Parabola is a line in which every point is equally 
distant from a given point (the focus), and a given straight 
line (the directrix). 

It has appeared (B. i. Art. Id), that in this curve 
if A be the vertex, AM the abscissa^ PM the ordinate, 
S the focus, 4, AS. AM = PM^. Also EA = SA. 

Prop. I. 

In the parabola the tangent at any point bisects 
the angle made by two lines, one drawn to the focus, 
and one, perpendicular to the directrix. 

Let Pbe any point in the 
parabola, and Q a point near 
it. Take in SQ, Sp =»SP, 
and draw QO perpendicular 
and Pq parallel to the direc- 
trix. 

By the property of the 
parabola, SQ « QO and SP 
^PH; hence 

SQr-SP^QO'-PN, 
or Qp a Qq. 

Also, since Sp = SP, the angles SPp, SpP are ulti- 
mately equal, and when PSQ vanishes, are each ultimately 
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a right angle. Therefore PpQ is ultimately a right angle; 
also PqQ is a right angle. 

Hence the ultimately right-angled triangles PpQj PqQ^ 
which have a common side PQ, and sides Qp, Qq equal, are 
ultimately equal in all respects*. Therefore ultimately the 
angles PQj? « PQq. 

But ultimately 
PQp or PQS^SPXj and PQq or PQO^XPH; 

wherefore ultimately XPS = XPH. 

But the ultimate position of QPXj when Q comes to P, 
is a tangent at P. Therefore if TP be a tangent, 

SPT^HPT. 



Prop. IL 

In the parabola 2W= ZAM. 

For since SPT = HPT = PTaS, ST^SP^PH^ DM, 

DH being the directrix. 

Hence taking away SDj 
DT^SM, and adding DA^SAy 
TAr^AMy whence TM^^AM, 

CoE. 1. If SY be perpen- 
dicular on PT, PY^ YT, be- 
cause SP^ST. Hence ^F is 
perpendicular to AM. 

CoE. 2. The angles ASY^ YSP are equal ; hence 
AS : SY v. i&i SP and *Sr« « ^* . iSP. 

• For ultimately P^=PC»- Q7» = PQ«- Qp« = /»p«, and Pq^Pp. 
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Prop. III. 

If QF' be parallel to the tangent at P, and PV 
parallel to AM, 4^SP.Pr^ Qr\ 

Let QV meet the axis in U, and let the ordinates QN, 
PM be drawn, and let PV meet 
QN in O. 

By the property of the para- 
bola 4^AS.AM^PM^y whence 

AM PM 2AM ^PM 

PM" ^AS' PM ~ 4^*5' 

But by similar triangles 

NU QN 9.QN 

mt" PM^^PM' 

NU 2QN 
Hence, compounding, (since MT ^ 2 AM) -rrz7 = — 777, 

PM 4fAS 

and 4,AS.NU = iQN.PM. 

Also 4,AS.AN=QN'' and 4,AS . AT= PM*; because 
AT --AM. 

Hence 4AS .NT *= QN* + PM*: and we have already 
prov^ that 4^19 . NU «> 2 QN . PM ; hence, subtracting 

4,AS. TU^ QN*-iQN.PM+PM* = iQN-PM)* 
or *AS . PV = Q0>. 

Q yt jtpi gijii 

^^^' Q^ " PM* ' SY^ ^^°'' ^' •^"'P' ^' *"•* ^** *^"^ 

" ^.S. -SP ~ ^.y " ^AS.PV' 
And Q0»-4^^.PF: therefore QF» » ^.SP. PF. 

Cob. I. If QF meet the parabola again in Q, (^V^QV. 

For tfV* = 4>AS . PV, by the sairfe reasoning as before 

= QF«, where Q'F=QF 
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CoE. 2. The line drawn through P parallel to the axis 
bisects all the lines drawn parallel to the tangent at P. 

The line PF is called a diameter of the parabola, to the 
ordinate QQ' and others parallel to QQ^; and 4aS'P is the 
parameter to this diameter, or to the point P. 

THS ELLIPSE. 

The Ellipse is a line in which every point has the sum 
of its distances from two given points (the foci) equal to 
a constant quantity. 

It has appeared (B. i. Arts. 14, 15, 16, 17) that the sum 
of the distances from the foci is equal to the aone majory 
or line passing through the foci and limited by the ellipse. 

Also that e, the ratio of the distance between the foci 
to the major axis 2 a, is the ewcentridty ; and if IP^c^il —6^) 
h is the aada minor. 

Also, that if a semi-circle be described on the axis major, 
the ordinates of the semi-circle and of the ellipse are in a 
constant ratio. 

The point or line in the circle corresponding to any point 
in the ellipse has been termed the iArcular projection of the 
point or line. 

The middle point of the major axis is the centre of the 
ellipse. 

A diameter is any line drawn through the centre of the 
ellipse ; its vertex is the point where it meets the curve ; and 
ordifuttea to this diameter are lines in the curve parallel to 
the tangent at the vertex. 

A diameter conjugate to another is a diameter parallel 
to a tangent at the vertex of the other. 

Prop. III. 

In the ellipse, the tangent at any point makes 
equal angles with two lines dravm to the foci. 
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Let P be any point in the ellipse ; Q a point near to P; 
Sj H the two foci. And let Sp 
be taken in SQ equal to SP^ and 
Hq in HP equal to HQ,, 

By the property of the ellipse, 
iSP + Pfi^ = aSQ + QJST; whence, 
PH-QH^SQ" SP, or P? = Qj?. 

Also, since Sp = *SP the angles 
SPpi SpP are equal, and when PSQ, vanishes are each 
ultimately a right angle. Therefore, PpQ is ultimately a 
right angle; and for the same reason PqQ is ultimately a 
right angle. 

Hence, the ultimately right-angled triangles Pp Q, Pq Q, 
which have a common side PQ, and the sides Pq, Qp ulti- 
mately equal, are ultimately equal in all respects. There- 
fore ultimately the angles PQp = QPq^ 

But ultimately, 

PQp or PQS = JCPS^, and QPq or QPH^WPH; 
therefore ultimately XPS = WPH. 

But the ultimate position of QPX, when Q comes to P, 
is a tangent at P. (B. ii. Art. 7.) Therefore if ZPY be a 
tangent, YPS = ZPH. 

CoE. 1. The tangents at the two extremities of any 
diameter are parallel. 

For if PHGS be a parallelogram, SG^HG^SP^ HP, 
whence G is a point in the ellipse ; and it is easily seen that 
the tangent GU is parallel to PZ. 

Cor. 2. By the same figure, CG = CP, or the center 
bisects any diameter. 

Prop. IV. 
A tangent to an ellipse at any point, and the tan- 
gent at, the circular projection of the point, meet the 
axis in the same point. 

* In the diagram, the point Q should be in the curve, WPX should be the 
line WJP produced, and ZPV should be the line ZP produced. 

D 
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Since PT makes equal angles with PH and SP pro- 
duced, 




ST : HT :: SP : HP, (Euc. vi. a.) 

Hence, ST ^ HT : ST - HT :: SP + HP : SP - HP, 

or 2Cr : SH :: 2^C : SP-HP. 

But ^JJ : 2^C :: SP - HP : SM-'HM*. 

Therefore compounding the last two proportions, 

2CT : 2AC :: 2JC : SM -- HM(^2CN). 

And CT : AC :: AC : CM. 

Let ApZ be the circular projection of the ellipse APZ, 
p the circular projection of P; and join p T. Since CM : CA 
:: C-4 : CT, we have CJIf : Cp :: Cp : CT Therefore 
the triangles CMp, CpT, having a common angle jpCT, are 
similar. Therefore the angle CpT is equal to CNp, and is 
a right angle. Therefore CpT is a tangent to the circle 
at p. 

Prop. V. 

In an ellipse, a diameter and its conjugate diameter 
have their circular projections at right angles to each 
other. 

Let CP be a semi-diameter ; CD, parallel to the tangent 
PT, its conjugate. Let ApZd be the circular projection 
of the ellipse APZD ; p, d being the circular projections of 

• For SP^-SN^^PM^^HF^-'HM^i whence SP^^HF9^SM^-HM^ z 
therefore (SP+HP){SP^HP) = (SN+HM)(SN-HM) or 2AC.(SP-HP) 
^SH(SM— HM)y whence the proportion. 
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Py D; and let PTy pTy DUy dU he tangents to the ellipse 
and to the circle. (Prop. 4;) 




Since Mp^ Ed are perpendicular to CA, by similar tri- 
angles CM. MT^Mp^y hence (B. i. Art. 17) 

CM.MT : MP" :: Ed!" : ED", 

and CM.MT: E^ :: MP": jBD*; 
whence CM.MT : Ed^ :: MV ; CjE?, by parallels PT, CD, 

whence CM. MT : MT" :: EcP : CE", 

or CM': CM.MT:: Ed!' : CE" , 
therefore CM^ : Mp^ :: Ed^ : CE'y 

and CM : Mp :: Ed : EC. 

Hence the triangles CMp, dEC are similar, the angle dCE 
is the complement oi MCpy and pCd is a right angle. q.e.d. 

Cor. 1. If CD be conjugate to CPy CP is conjugate 
to CD. 

CoE. 2. CM^Ed, and C£ = ilfp. 

Cob. S. CP® + CD* = !4C + jBC*. 

For CP^^^ Cm^ CM' + MP" ^ CN^ ^ ED" 

^CM' + MP' + Mp* + i;/)* 

- cp* + MP' + i;m 

D2 
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MP^ -H ED" _ MP" Eiy Mp* Ef^ 
BC ' BC^ BC^ AC^ AC? 

Mjp^ + CM* 



AC 



1. 



Hence MP" -{^ ED" ^^ BC, and CP ^ CL^ ^ AC^ ^ BO. 

Cor, 4. If CM = ^, £ci » zp, jBZ)» « ~ a?*, 

a* 

and CE^^Mp'^a^-af'. 
Hence C2)*« «* -^ + — a?» = a« --s^^a^-^af. 



a* 



a* 



CoE. 5. In like manner CP* = 6* + c*a?*. 

CoE. 6. SP.HP^ Ciy. For, as in Art. 14, Book i, 
SP — o + «a?, jyp = a - e^ : 

hence SP . HP = a* - ^^ = CD^, by Cor. 4. 



Prop. VI. 

In an ellipse, if Qf^ be an ordinate to a diameter 
CPy CD the semi-conjugate diameter to CP\ 

PV.VG : QV' :: CP" : CLP. 

Let APZD be an ellipse, GP a diameter, QF an ordinate 
to the diameter, CD the semi- 
diameter conjugate to CP. 
Let ApZd be the circular 
projection of the ellipse ; 
p, 9, d the circular projections 
of points P, Q, 2>. Let UV, 
perpendicular to AZ, meet 
Cp in t? ; and join qv. 

By Prop. 5, Cd is a perpendicular to Cp. Also 
Uv : Ur : Mp : MP, which is :: iNT^ : NQ. 
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Hence qv, QV will meet NU in the same point X, And 
since VJT is parallel to CD (because Q 7 is an ordinate), and 
that UV : Uv :: ED : Ed, it is easily seen that Xv is 
parallel to Cd; and therefore qv' is perpendicular to Cp: 
and hence Cp^ — Cv^ = C^ - Cv^ = qv^. 

Now CP* : CV'' :: Cp* : C«^ 

... CP*-Cr« : Cp^-Cv^ :: CP^ : Cp*; 



.-. cp'-^cr^ 



qv^ 



:: CP" : Cp\ 



Also ?«2 : QP :: Cd^ {Cp"") : CD*; 
.*. compounding the two last propositions, 

CP'-Cr^ : Qr« :: CP' : CD", 
or PF. TG : QP :: CP' : CD". 



Prop. VII. 

The parallelograms made by drawing tangents at 
the extremities of two conjugate diameters of an ellipse 
are all equal in area. 

Let APDZ be an ellipse, ApdZ its circular projection, 

k 




CPf CD two semi-diameters conjugate to each other: KL 
a parallelogram made by drawing tangents at the extremities 
of the diameters PC^ DC. 
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Draw HK perpendicular to AZ^ meeting in k the tangent 
of the circular projection at p. Therefore since the tangent 
of the ellipse and of its circular projection meet AZ in the 
same point T, we have HK : Hk :: MP : Mpy that is, 
HK : Hk :: BC : AC. For the same reason the tangent 
at 2> will meet Hk in a point determined by the same pro- 
portion. Therefore the two tangents at p and d meet HK 
in the same point k. And Cp is at right angles to Cd and 
equal to it ; therefore Cpkd is a square. 

Now the triangles THK^ THk are as their bases 
HK : Hk; that is, 

THK : THk :: BC : AC. 

Also TMP : TMp :: BC : AC ; hence the differences 
are in the same proportion; that is, 

trapezium MPKH : MpkH :: BC : AC. 
In like manner, trapezium EDKH : EdkH :: BC : AC. 

Also triangle CPM : CpM :: BC : AC^ 
and triangle CDE : CdE :: BC : AC. 

Add together the two former of these four sets of pro- 
portionals, and subtract the two latter, and we have 

CPKD : Cpkd :: BC : AC. 

Whence, CPKD : Cpkd :: AC.BC : AC 

But Cpkd is equal to Cp' or AC^. Therefore CPKD 
is equal to AC . BC. 

. The parallelogram KL is four times the parallelogram 
CPKD. Therefore the parallelogram KL^^AC.BC^ and 
is constant. 

Cob. If PF be drawn perpendicular on DC^ the paral- 
lelogram CPKD is equal to CD . PF. Therefore 

CD.PF:=.AC.BC. 
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THE HYPEEBOLA. 

The Hyperbola is a line in which every point has the 
difference of its distances from two given points (the foei), 
equal to a constant quantity. 

It has appeared (B. i. Arts. 19, 20, 23) that the difference 
of the distances from the foci is equal to the awis majoTj or 
line passing through the foci, and limited by the hyperbola : 

Also, that if e be the ratio of the distance between 

the foci to the axis major 2a, e is the concentricity; and if 

6^ «= (e*— l)a*, b may be called the aofis minor (although b 

may be greater than a). 

V , 

Also, that if CM^ MP be w and y, y^ = -^ (^ - a). 

a 

Also, that there is an opposite hyperbola derived from 
the same property. 

Also, that these two curves have common asymptotes ; 
and that the asymptotes make with the axis an angle 0, such 

that tan Q = - . 

a 

If we construct other hyperbolas in which the major 
arid minor semi-axes are b and a respectively, these will be 
the conjugate hyperbolas. 

The conjugate hyperbolas have the same asymptotes as 
the original hyperbolas. 

Diameter y vertex^ ordinatesy ^re defined as in the ellipse. 

A diameter conjugate to another is a diameter of the 
conjugate hyperbola, parallel to the tangent at the vertex of 
the other. 

Pkop. VIIL 

A tangent at any point of the hyperbola bisects 
the angle made by two lines drawn to the foci. 
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Let P be any point in the hyperbola; Q a point near 
to P; iS, Hy the two foci. 
And let Sp be taken in SQ^ 
equal to SP, and Hq in HQ 
equal to HP. 

By the property of the 
hyperbola, 

HP-SP^HQ^SQ', 

whence 

SQ^SP^HQ-^HP, or Qp = Qq. 

Also since Sp = *yP, the angles SPp^ SpP are equal, and 
when PSQ vanishes, are each ultimately a right angle. There- 
fore PpQ is ultimately a right angle; and also PqQ for the 
same reason. Hence the ultimately right-angled triangles PpQ, 
PqQi which have a common side PQ, and sides Qp, Qq ulti- 
mately equal, are ultimately equal in all respects. Therefore 
ultimately the angles PQp s PQq. But ultimately PQp or 
PQS = XPSy and PQq or PQH « XPH : wherefore ulti- 
mately XPS = XPH. But the ultimate position of QPX, 
when Q comes to P, is a tangent at P. Therefore if TP be 
a tangent, SPT = HPT. 

Cob. 1 • The tangents at two extremities of any diameter are 
parallel. . For if PG be a parallelogram, GS-GH^HP-SPy 
whence G is a point in the hyperbola ; and it is easily seen 
that the tangent GU is parallel to the tangent PT. 

Cob. 2. By the same figure CG = CP, or the centre 
bisects any diameter. 

Phop. IX. 

Any diameter of a hyperbola bisects all its ordi- 
nates. 

Let RQQ'R' be a line cutting the hyperbola and its 
asymptotes ; and V the bisection of RR'. Then (B. i. Art. 26) 
QR.QR' ^tfR.Q^R'; that is, r«« - TQ* = F^« - FQ**; 
whence FQ = VQ^, and QR = Q^R'. 
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Let RR' move parallel to itself, till the prants Q and Q* 
come together at P, and 
the line comes into the 
position OPO'-. then PC/ 
is a tangent ; and, as be- 
fore, we have PO = PO'. 

Hence, joining PV, 
CPV is a straight line, 
and is a diameter. And 
Q<i, being parallel to the 
tangent 00', is an ordi- 
nate; and Q<i is bisect- 
ed by the diameter CV. 
a.E.D. 

CoE. If OP=PO', as in B. i. Art. 27, the diameter 
conjugate to CP is parallel to PO. And if ^, ^ be 
the angles which Off and PC make with the axis major, 

tan \// . tan ^ = ~ , by that Article. 

Peop. X. 

In the hyperbola, if CD be conjugate to CP, CP 
is conjugate to CD. 

Let the angle PCA be yj/, and let be the angle which 
the tangent at P makes with the 
axis. Also let CP = r, PQ = e. 
And let CB be the conjugate semi- 
axis to CAi CA" a, CB = b. 

By Cor. to Prop. 9, the angles 
<p, tf/ are connected by the equation 

V 

tan d> tan •>}/=-:;. 

"^ ' a- 

Now, if the line CD be drawn 1 

parallel to PQ, meeting the conju- 
gate hyperbola in D, the angle 
DCB will be the complement of I 

tp. And if the tangent at D make with AC an angle ^', it 
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will make with BC an angle which is the complement of >^^ 
And applying the formula, with these angles, to the axis 
CB (that is, putting 6 for a and a for 6), we have 

cotan yy cotan = -- , or tan ^ tan = — : 

whence y\f' = >|/, and the tangent at D is parallel to CP. 

Cob. The tangents at P and 2> meet the asymptote in 
the same point Q. 

For by Book i. Art. 29, 

ah 



CP^r^ 



PQ^8==: 



\/(b^ cos^ yj/ " a^ sin* \ff) ' 



>Y/(a sin^ <p ^¥ cos* 0) 



Now, since CD is parallel to PQ, if it meet the conjugate 
hyperbola in Z>, the angle DCB will be the complement 
of ; and hence putting h for a and a for 6, and complement 
' of for >|/ in the formula for CP^ we have 

ah 

(J J) _ -. pQ . 

/y/(a^ sin* (p - 6*'* cos* (p) 

Hence DQ is parallel to CP and therefore tangent at D, by 
the Proposition. 



Prop. XI. 

In the hyperbola, the parallelograms formed by 
tangents drawn at the vertices of any pair of conjugate 
diameters have all the same area. 

If PG*9 DO be conjugate semi- diameters the tangents 
at P and G are parallel, as also at D and JT, by Prop. 8. 
Cor. 1. And the tangent at P is parallel to CD, and the 
tangent at D parallel to CP by Prop. 10. 

• Sec Diagram to Prop. 10. 
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Let the tangent at P meet the asymptotes in Q, Q' ; and 
let the tangent at D meet the asymptotes in Q, R\ (Prop. 10. 

Cor.) Then, by Art. 28, Book i. CQ' « ^J, . 

But CB! will be found by putting a for 6, and 6 for a. 

■go Q 

Therefore, CR' = ^^ ; and CR'^CC^. In the same 
manner if iZQ', i?iZ' be the tangents at K and G, CiZ = CQ. 

Therefore the parallelogram QQRR' is four times the 
triangle QCA' ; 

or parallelogram ==2QC. CQ' sin QCQ' = 2 (a^ + fe^) sin 20. 

b ^ 2ab 

Buttan0 = -; hence cos = —7=^==^ ; sin 20 = -- — -; 
a Va-' + o* a* + 6^ 

whence parallelogram = 4 a6; which is constant. 

CoE. 1. If PF be drawn perpendicular on CD, PF. CD 
^AC.CB. 

CoE. 2. PD is parallel to ^R\ and therefore to AB\ 
and is bisected by CQ. 



Prop. XII. 
In the hyperbola CU - CP^ ^ CB" - CA\ 

The equation to the hyperbola and to the conjugate 
hyperbola are respectively, 

a a 

For the former is the equation to the hyperbola by Book i. 
Artu 20. And since in the conjugate hyperbola we must put 
h for a j and a for 6, w for y, and y for w, the equation is 






^^ = Ti (t/2 - 5^), whence y* « -^ (.1?^ + a') . 
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Now, if 0?, x^ be the abscissas of P, D, we have, 

y b \/ai^ - a^ • -i i . ^ 6>/y* + o' 

tan \1/ = - ■= ; similarly, tan = -. 

X a w ^ a w 

b* 
And as in Prop. 9, Cor. tan (p . tan >// = —; 

therefore . — — , = 1, and a? * = <r^ - a*. 

Now, CP^ = w +— (a7^-a^) = cV-6^ since c*= — 5— • 

And C2>2 = ^'^ + ^ (^'* + a^ = e^a?* - o*. 

a 

Hence CD" ^CF'^b''' a\ 
CoE. 1. SP.HP^CD^. 

For (B. I. Art. 18) SP « ea? - a, IfP = eo? 4- a. 



Prop. XIII. 

In the hyperbola,* 

PV. VG : QV^ :: CP' : Cl>. 

Let 99' be parallel to Qii ; then since by Book i. Art. 22^. 

PV.VG : QV.VQ^ :: Pv.vG :: qv.vq. 
But by Prop. 9? ^Q' - QF, and vq ^ qv. 

Therefore, 

PV.VG : QV^ :: Pt?.t>G : qv\ 

:: Cv^ - CP^ : (vr - r^)^ 



■■■■'^'•{'-"^■■"'i^-'S 



* See Diagram to Prop. 9. 
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Now when Cv becomes very large compared with CPy 

rq becomes very small compared with vr\ and ultimately, 

CP^ rq 
when Cv becomes indefinitely great, the fractions -— — and ~ 

Cvl^ vr 

vanish. Therefore, ultimately, 

PV, VG : QV^ :: Cv^ : vrK 

But Cv^ : vr^ :: CP^ : PO^ both ultimately and always 

Therefore, PV. VG : QV^ :: CP* : PO" 

:: CP" : CD^, by Prop. 10, Cor. 

Prop. XIV. 

In the parabola, to find the radius of curvature, the 
chord of curvature passing through the focus, and the 
chord of curvature parallel to the axis. 

Let PQI be a circle which has a common tangent with 
the curve at P, and cuts the 
curve in Q*: then, by Book ii. 
Art. 1 1 , when Q comes to P, the 
ultimate value of this circle is 
the circle of curvature. 

Let P/, QK be chords pa- 
rallel to the axis of the para- 
bola; QF parallel to Pi?, the 
tangent ; S the focus. Then, 
by Prop. 3, 4>SP. PV ^ QV^, 
or, since 

PV^QRy and QV^PR, 

4>SP. QR^ PR^ ^KR.QR by the property of the circle. 
Therefore KR^A^ SP. 

And when Q comes to P, JTJB becomes PI, the chord 
of curvature parallel to the axis. (B. i. Art. H.) There- 
fore this chord = 4iSP. 

* .The curve and circle should intersect at Q in the diagram. 
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Also, by Prop. 1, if PL be the chord drawn through 
the focus, PL and PI make equal angles with the tangent 
to the parabola at P; that is, with the tangent to the 
circle : hence they may easily be shewn to be equal, and 
PL the chord of curvature through the focus = 4«yP. 

Again, if PM be the diameter of curvature, draw SY 
perpendicular on the tangent, and join LM\ and it is easily 
seen that the triangles SPY^ PML are similar. 



Hence PM = 
^SP" 



PL.SP 4>SP^ 



SY 



SY 



; and PO, the radius of 



curvature. 



SY 



Prop. XV. 

In the ellipse, to find the radius of curvature, and 
the chords of curvature passing through the focus, and 
through the centre respectively. 

Let the circle be described as in the last proposition ; 




and let CP be a diameter, QR parallel to it, and QV parallel 
to the tangent PR. 



j 
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By Prop. 6, GV. VP : QP :: CP* : CD", 
or since FP = QR, and QV* = PIP=QR. RK, 
GV : RK :: CP' : CD". 

And ultimately, when Q comes to P, GF becomes 2CP; 
and jRJT becomes P/, the chord of curvature through the 
centre: hence 2CP : PI :: CP^ : CD^. 

PI s , the chord through the centre. 

Also if PM be the diameter of curvature, PM is perpen- 
dicular to the tangent at P, and therefore to CD : let it meet 
CD in F. 

By similar triangles, PI : PM :: PF : CP; 
whence, PM.PF^ PI. CP^2CD\ by what precedes. 

TT T.,. 2C2y ^ ^^ CD^ ,_ :.. ^ 

Hence, PM = , and PO = -^^ the radius of curva- 

ture.' 

Also if PL be the chord through the focus, let it meet 
CD in E; then PE^AC\ for if Hh be drawn parallel to 
CE.SE^Eh; whence 2PE=^PS+ Ph=^ PS +PHy be- 
cause PJET, PS make equal angles with PJS, and therefore 
with ilA. 

Join ML. Then by similar triangles, PFE, PLM^ 

PM : PL :: PE : PF; 
hence PL.PE^ PM . PF ^^Clf \ 

2 CD' 2 CD'^ 
PL = = — -— - , the chord through the focus. 

Cob. The radius of curvature, and the chords of curva- 
ture through the centre and focus of a hyperbola, will be 
expressed by the same formulae as in the ellipse ; the letters 
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being put at corresponding points. For the properties whidi 
are employed in the demonstration are all true for the hyper- 
bola as well as the ellipse. 

Hence in the hyperbola, 

CD* 



radius of curvature 



PF' 



chord through the centre = , 

StCTf 
chord through the focus = . 



SCHOLIUM. 

DEFINITIONS FROM EUCLID, BOOK XI. 

1. A sphere is a solid figure described by the revolution 
of a circle about its diameter, which remains fixed. The 
ama of the sphere is the fixed straight line about which the 
semicircle revolves. The centre of the sphere is the centre 
of the semicircle. A diameter of the sphere is any straight 
line which passes through the centre, and is terminated both 
ways by the surface of the sphere. 

2. A right cone is a solid figure described by the re- 
volution of a right-angled triangle about one of its sides, 
which remains fixed. The ama of the cone is the fixed 
straight line about which the triangle revolves. The hose 
of the cone is the circle described by the side containing 
the right angle which revolves. The vertex of the cone is 
the extremity of the axis which is not in the base. The 
slan,t Me of the cone is the hypothenuse of the right-angled 
triangle. 

A frustum of a cone is a part cut off by a plane parallel 
to the base. 

3. A cylinder is a solid figure described by the revolution 
of a right-angled parallelogram about one of its sides which 
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remaioa fixed. The cuvsa of the cylinder is the fixed straight 
line. The basia of the cylinder are the circles described by 
the two sides which revolve each round a fixed extremity. 

A rectangular prism or parallelopiped is equal to the pro- 
duct of its base and height. 

Prop. XVI. 
The circumferences of circles are as their radii. 

For if, in two circles, any two similar parallelograms be 
described, the perimeters of these circles are as the radii, 
by the Lemtna to Prop. 5, fi. ii. And hence this is true 
always, it is true at the limit, when the number of sides of 
the polygons is indefinitely increased. But the limit of the 
perimeters of each polygon is the circumference of the cir- 
cumscribing circle. Therefore these circumferences are in the 
ratio of the radii. 

Cob. If tt be the SQini-circumference of the circle of 
which the diameter is l, 2irr is the circumference of the circle 
of which the radius is n 

Prop. XVII. 

The area of a circle is the rectangle of the cir- 
cumference and hdf the i'adius. 

t. 

For if any regular polygon be inscribed in the circle, 
the area of this polygon will be equal to the area of all the 
triangles of which the bases are sides of the polygon, and 
the vertex the centre of the circle. And each of these poly- 
gons is half the rectangle of thja ba$e, and the perpendicular 
drawn from the centre upon the base. Therefore the whole 
polygon is the rectangle of the perimeter of the polygon, 
and half the perpendicular drawn from the centre upon any 
qf the sides. Aiid this is true at the limit, when the number 
of sides is indefinitely increased. But at the limit the per* 
pendlcular becomes the radius ol the cjirele, the perimeter 
becomes the circumference of the circle, and the area of the 

E 
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|)blygon becomes the area of the circle. Therefore the area 
of the circle is equal to the rectangle of the circumference 
and half the radius. 

Cob. 1. If r be the radius, ^r* will be the area. 

Cob. 2. In like manner it may be shown, that the area 
of a sector is equal to the rectangle of the arc and half the 
•radius. 

Pkop. XVIII. 

The solid content of a cylinder is equal to the pro- 
duct of the base and axiis. 

For upon the base may be erected rectangular prisms, 
occupying the whole of the cylinder except those portions 
which are left by the rectangular form of the prisms, as if 
prisms and a cylinder were erected upon the figure to Prop. 2* 
Book II. And each of these prisms will be equal to its base 
multiplied by its height, that is, by the axis of the cylinder. 
And therefore the sum of the prisms will be equal to the sum 
of the bases multiplied by the axis of the cylinder. And this 
will be true at the limit. But, at the limit, the sum of the 
bases of the prisms becomes equal to the circular base of the 
cylinder. And the limit of the sum of the prisms becomes 
equal to the cylinder, by Book ii. Prop. 8. Cor. 5. Therefore 
the cylinder is equal to the product of its base and axis. 

Cob. If r be the radius of the base, a the axis, the solid 
content of the cylinder is wr^a. 

Pkop. XIX, 

The curve sur&ce of the cylinder is equal to the 
rectangle of its axis and the circumference of its base. 

For if the surface be cut, along a line parallel to the axis, 
it may be unfolded into a rectangle of which one side is the 
axis of the cylinder, and the other the circumference of the 
base. 
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Prop. XX. 

The curve surface of a (right) cone is equal to a 
sector of a circle of which the radius is the slant side 
of the cone, and the arc is the circumference of the hase. 

For if the curve surface of the cone be cut, along the slant 
side, it may be unfolded into a plane. And this plane will be 
a sector of a circle, because each point of the base is equally 
distant from the vertex ; this distance being the slant side, 
and the arc being the circumference of the base. Hence the 
curve surface of the base is equal to the sector above described. 

CoB» If r be the radius of the base, and 8 the slant side, 
the curve surface of the cone is Trr*, by Prop. 17, Cor. 2. 



H K 



/^ M 






IP 


\ 



Prop. XXI. 

The area of a parabola cut off by its ordinate is two- 
tiiirds of the circumscribing paralldogran,. 

Let two ordinates MPj NQ be 
drawn, and PH^ QK parallel to the 
axis, meeting the tangent at the ver- 
tex ; and let MP meet QK in O. n 

By the property of the parabola, 

MP" ^4, AS. AM, NQ^-^^AS.AN, whence 

N(¥ - MP"" = A^AS . MN; or since NQ^MP+ PO, 
2MP .PO^PCy^^AS. MN ; wherefore 

PO : MN :: 4^ AS : 2ilfP + PO 

:: 4^AS.AM t 2AM.MP + AM.P0 

MP^ : ^AM.MP^AM.PO 



MP : QAM + 



e2 



AM.PO 
MP 



fl8 
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,* 1. ^ ^ AM.PO 

But when Q comes to P, — ttz: — vanishes. 



MP 



Therefore 



ultimatdy 



PO : MN :: MP : 2AM. 
Hence ultimately AM.PO : MP.MN :: 1 



2; 



or the parallelogram AT is ultimately double of the paral-» 
lelogram PJT. 

And if a series of parallelograms be inscribed in the curvi- 
linear spaces AMPy AHP, by taking a series of points in the 
curve, each parallelogram in the space AMP will ultimately 
be double of the corresponding parallelogram in AHP, 

Therefore, by Book ii. Prop. 4, the curvilinear space 
AMP is double of the curvilinear space AHP. 

And these two spaces together make up the parallelogram 
MH. Whence AMP is two thirds and AHP one third of the 
parallelogram. 

Prop. XXII. 

» 

If a sphere and its circumscribing cylinder have the 
same axis, and be cut by planes perpendicular to the 
axis, the intercepted portions of the surfaces are equal. 

Let CA be the axis ; AB a quadrant ci 
the generating circle of the sphere; ACBD 
a square; then the cylinder circumscribing 
the hemisphere is generated by the revolu- 
tion of the square ACBD. 



s 




Let MPR9 NQS be lines perpendicular 
to the axis, PQ the chord of the circular 
arc PQ.. Then, when th^ figure revolves about the axis CA^ 
PQ generates the surface of a frustum of a cone ; and if QP 
meet CA in F, Fwill be the vertex of this cone. The surface 
will be the difference of the surfSace of the cones generated by 
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the lines FQ, VP. It will therefore (Prop. 20) be irVQ.NQ 
-"jtVP.MP, Arid the cylindrical surface generated by the 
corresponding line RS will be Qw.BC.RS. Hence 

conical surface generated by PQ : cylindrical surf. gen. by RS 
:: VQ.NQ^VP.MP I 2BC.RS 

:: VP{^S^^MP^ : 2BC . RS 

20Q + -^J : iBC.RS; because NQ^MP+OQ 

VP / 0Q\ RS 

'''' BC V'^MP) ' ^OQ 

OQ '. 

:: 2 + -r— : 2 ultimately ; 

, VP VP OP RS . ^ ^ 

for ultimately 'Wr'^Tc'^'OQ^OQ' ^^^ ^ ^°™^^ 

up to P, the angle VPC is ultimately a right angle 

:: 2 : 2 or 1 : 1 ultimately, for ultimately — — vanishes. 

Therefore the cylindrical surface generated by RS is 
ultimately equal to the conical surface generated by PQ. 
And the same is the case if other corresponding points be 
taken^ 

If therefore a polygon, inscribed in any portion of the curve 
AB^ generate by its revolution an assemblage of conical sur- 
faces, these surfaces will be ultimately equal, each to each, 
to the corresponding portions of the cylindrical surface de- 
termined by lines MRj NS. 

Therefore the limit of the assemblage of conical surfaces 
is equal to the cylindrical surface cut off by the extreme 
ordinates. 



70 CONIC SECTIONS. 

But the limit of the assemblage of conical surfaces is the 
curve surface of the spherical zone determined by the extreme 
ordinates. 

Therefore the surface of this spherical zone is equal to the 
corresponding surface of the cylinder. 



Prop. XXIII. 

If a parabola and its circumscribing rectangle gene- 
rate solids by revolving about the axis of the parabola, 
the conoid generated by the parabola is half the circum- 
scribing cylinder. 

In the diagram to Prop. 21, let the figure revolve about the 
axis AN. Then the rectangle NP will generate a cylinder of 
which the axis is MNy and the base is the circle to the radius 
MP; and the rectangle KP will generate a hollow cylinder 
which is the difierence of the two cylinders having the axis 
AMy and the bases the circles to the radius AK and AH re- 
spectively. Hence, Prop. 18, Cor. 

solid genersLtedhy NP= IT .MP^.MN ^ 4^7r .AS .AM .MNy 

KP^^.AKKAM^ir.AH^.AM 

^7r.AM{AK^-AIP) 

^Tr.AMiNQt-MP") 

= TT . AM {A^ AS. AN - 4^ AS. AM) 

^i^TT.AS.AM.MN. 

Hence the solids generated by NP and by KP are 
equal. , ^^ 

And if a series of rectangles be inscribed in AMPy AHP 
in the same. manner, the solids generated by those in the space 
APH will be equal, each • to each, to the solids generated by 
those in AHP. Therefore, by Cor. to Prop. 4. Book ii, the 
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solid generated by APM is equal to the solid generated by 
AHP. And the two solids together make up the cylinder 
generated by AMPH. Therefore each solid is half this- 
cylinder. 

Prop. XXIV. 

The solid content of a cone is one-third thq solid 
content of the cylinder of the same base and axis. 

This might be proved nearly as the last : but other-- 
vme as follows. 

Let h be the axis, k the radius of the base ; and let the 
axis be divided into n equal parts, and, at the points of 
division, let lines be drawn perpendicular to the axis, and let 
the rectangles be completed which are circumscribed about 
the generating triangle of the cone. Then, when these rect- 
angles revolve, they will generate cylinders, of which the axis^ 

in each will be - ; and the radii of the bases of these cvlinders,, 

beginning from the vertex, will be (by similar triangles) 

A? 2* SA? , 

- , — , — , and so on yn terms). 

n n fi 

Hence the sum of these cylinders will be 

Aft* * 4*^ A 9*" c / 
•7r-.-T + 7r-.-7- + w-.— 5--»-&c. (» terms) 
n nr n fir n fir 



w 



k^h 



w« 



{l» + 2* -h 3* + &c. (» terms)} 



— 3— < — I — + ^f by the summation of series 
^ ^^ ^ ^^ (fFbod. Alg. 419.) 



irK'h irV'h irk^h 

+ 1. 

3 2» 6n* 
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And the. Umit of thisi when n^ the number of rectangles. 



becomes indefinitely great, is ^~— . But the limit of the 

sum of the cylinders, in that case, is the cone by B. ii. Prop. S, 
Cor. 6. Therefore the solid content of the cone is ^irJ^h. 
And that of the cylinder is irft^A by Prop. 18 of this Book. 
Therefore, &c. q. k. d. 
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BOOK IV.* 



GEOMETRICAL SOLUTION OF THE DIRECT PROBLEM 

OF CENTRAL FORCES. 



DEFINITIONS AND PRINCIPLES. 

Art. 1. ThK direct problem of central forces is, to find 
the force, tending to a given centre, which will cause a body 
to describe a given curve. 

2. The motion is supposed to take place in non-resisting 
spaces. 

3. First Law of Motion. A body in motion not acted 
upon by any force will go on for ever with a uniform velocity. 
(Meckr Euclid, B* iii. Prop. 2.) 

4. Second Law of Motion. When any force acts upon 
a body in motion, the motion which the force would produce 
in the body at rest is compounded with the previous motion 
of the body. (Mech. Euclid, B. iii. Prop. 8.) 

5. Definition of Velocity. Velocity is measured by the 
limit of the quotient of the space described divided by the 
time. 

6. Definition of Accelerating Force. Uniform accele- 
rating force IS measured by the velocity whidi the force 
generates in a unit of time. (Mech. Euclid, B. iii. Prop. IS.} 

7* An uniform accelerating force is measured by the 
space through which it will urge a body from rest in a given 
time, according to the formula s = ^ft^. (Mech. Euclid, 
B. III. Prop. 7.) 

8. Any accelerating force is ultimately measured by the 
space through which it will urge a body from rest in a given 
small, time, according to the formula a « ^ft^. 

* Newton Principia, Book I. Section II. and III. 
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9. Any accelerating force will produce its effect upon 
^ body in motion, according to the second law of motion, a 
small time being taken and the ultimate ratio of the effects 
being considered. 

Prop. I. 

When a body moves in a curve, acted on by forces 
tending to a fixed point, the areas which it describes 
by rays drawn to the centre of force, are in a constant 
plane, and are proportional to the times. 

Let the time' be divided into equal portions, and in the 
first portion let the body 
describe AB. By the first 
law of motion, if no force 
were to act on the body, 
it would in the second 
portion of time go on to c, 
in the same straight line, 
describing Be equal to 
AB. But when the body 
comes to JS, let a force 
tending to the centre act 
on it by a single instant- 
aneous impulse, and turn 
the motion in the direction 
BC. Draw cC parallel to BS t, and by the second law of 
motion, the body will describe BC in the second portion of 
time, C being in the plane ASB. Join SC ; the triangle 
SBC is equal to SBc*^ because cC^ BS, are parallel; and 
therefore to SAB^ because Be is equal to BA. 

In like manner if a centripetal force towards S act im«- 
pulsively at C, 2), £, &c. at the end of equal successive por- 
tions of time, causing the body to describe the straight lines 
CD, jDJ5J, JEjP, &c. : these lines will all lie in the same plane, 
and the triangles SCO, SDE, SEF will all be equal to SAB 

* The line Sc is wanting in the Figure. 
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and SBC. Therefore these triangles will be described in 
equal times, and in a constant plane. And we shall have 

SJDS : SAFS :: time in JD : time in JF. 

Let now the number of the portions of time in AD, AFy 
be augmented, and their magnitude diminished, indefinitely ; 
and the above proportion will still be true. 

Therefore also ultimately SADS : SAFS :: time in 
AD : time in AF. 

But ultimately the polygon ABCDEF, &c. becomes a 
curve line, (B. iz. Art. 6,) and the force which acted im- 
pulsively at Bi C, 2>, E^ &c. becomes a force which acts con- 
tinuously at all points*. (B. ii. Art. 15.) 

Therefore in this case also we have curvilineai;^ areas 
SADS : SAFS :: time in AD : time in AF. 

Cob. 1. The velocity of a body attracted to a fixed 
centre, is inversely as the perpendicular from the fixed centre 
upon the tangent to the curve. 

For the velocities in the polygon at two points Aj D are 
as ABf DEf because these lines are described in equal portions 
of time. But if SY^ SZ be perpendicular on these lines, 
SV.AB Si SZ.DEy because the triangles are equal. 

Therefore veL at A : vel. at D :: SZ z SY. 

And ultimately the velocity in the polygon becomes the 
velocity in the curve, and the lines AY^ DZ are the tangents 
at A9 D. Therefore, &c. 

* The force in the polygon is a force which acts instantaneously at the angles, 
and thus produces a motion composed of straight lines. The force in the curve acts 
continuously. The force at each angle of the polygon is supposed to he such as 
will produce, instantaneously, the velocity which the continuous forces produce in 

the time of describing the side of the polygon. 

Let ABy BC be two successive sides of the ^ — F 

polygon, BE-BAy and EC the space described ^vN. 

by the action of the instantaneous force. Then ^^ 

if BD be a tangent to the curve ABC at B, by 
B. II. Prop. 13. Cor. 2, BC = BA ultimatdy, whence DC = DE ultimately, and DC 
is half EC ultimately. Hence, by B. ii. Prop. 12. Cor. 3, DC, the deflection 
from the tangent is the space described by the action of the continuous force, as 
it ought to be. 
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Cor. 2. All the preceding propositions are true, wtien 
the planes in t^hich the bodies move, axid the centres of force 
situate in these planes, ^re carried with a tinifbtm And recti- 
linear motion. For the relative motion of P with regard to 
S will be the same in both cases : and the motion of P will 
be that which will arise from the action of S, compounded 
with the motion of the plane, by Art. 4. 

Prop. II. 

If a body iiioves in a curte line in a constant plane, 
and by a ray drawn -to a fixed point, describes areas» 
about that point, proportional to the times ; it is urged 
by a central force tending to that point. 

The same is true if the point, instead of being fixed, be 
moving uniformly in a straight line. 

Case l . When the point is fixed. Every body which moves 
in a curve, is deflected from a straight line by some force acting 
upon it. If the body were to describe the polygon ABCDEFy 
(see Fig. p. 74,) describing the equal triangles SAB^ SBC, &c. 
in equal times, it must at B be acted on by a force parallel 
to cC {Be being equal to AB) by the second law of motion. 
And cC is parallel to BS, because SBC is equal to SAB or 
SBC : therefore the force in the polygon acts to the centre 5. 
But ultimately the motion in the polygon will coincide with 
the motion in the curve, and the force in the polygon will be 
proportional to the force in the curve. Therefore in the 
curvilinear motion the proposition is true. 

Case 2. And by Cor. 2 to Prop. 1, the force is the same, 
whether the plane in which the motion takes place be at rest, 
or move, along with the body, the figure described, and the 
centre of force, uniformly in a right line. 

Cor. 1. In a non-resisting space, if the area is not pro- 
portional to the time, the fotce does not tend to the point to 
which the rays are drawn. It deviates to the side towards 
which the motion is, if the description of areas is accelerated ; 
to the opposite side if the description is retarded. 
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Co]^. 2. In a resistipg medium aUo, if the description of 
4reas is accelerated, the direption of the force deviates to the 
side towards which the hpdy moves. 

Prop. III. 

If a body revolve about another body which is 
moving in any manner whatever, and if the first body 
describe, about the second, areas proportional to the 
times ; the first body is acted on by a centripetal force 
tending to the second body^ and also by the whole of 
the force by which the second body is acted on. 

Let L be the first, T the second body. Let J!^ be the 
force by which T is acted on ; apd let a new force equal to F^ 
and in the opposite direction, ^t upon T and L in parallel 
lines. Then the motion of I, with respect to T, will be 
exactly the same as before, by Cor. 2, Prop. 1. But on this 
supposition T is acted upon by two equal and opposite forces; 
and is therefore in the same condition as if it were acted 
upon by no force; and therefore will either remain 4t rest, 
or move uniformly in a straight line. Hence by Prop. 2, the 
body L is on this supposition ai;ted upon simply by a force 
tending to the center T. But if we now suppose L to be 
acted upon by the force F, in a direction parallel to that in 
which it really acts on T, L will be reduced to its real con- 
dition. Therefore L is really acted on by a force tending 
to T, and by the force F which acts on T. 

Cob. 1. Hence if L describe areas about T, proportional 
to the times, and if from the whole force (simple or compound) 
which acts on L, we subtract the force which acts on T^ the 
residue of force which acts on Z, will tend to T. 

CoE. 2. And if the areas which L describes be very 
nearly proportional to the times, the residue of the force so 
obtained will tend to T very nearly. 

CoE. 3. And conversely, if the residue of the force so 
obtained tend very nearly to T, the areas will be very nearly 
proportional to the times. 
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Cob. 4. If L describe about T areas which are very 
far from being proportional to the times, L is either acted 
upon by no centripetal force tending to T^ or this force is 
mixed and compounded with very powerful actions of other 
forces, besides the force which act on T. And the whole 
residual force on L tends to some other centre moveable or 
immoveable* 

Since it appears that the equable description of areas 
about a centre, by a moving body, indicates necessarily that 
the main force by which the body is affected, deflected from 
a straight line, and retained in its orbit, tends to that centre, 
if the body be governed by the ascertained laws of motion ; 
we may in any case, as for instance in the cases of the earth, 
moon, planets, and satellites, suppose that those centres about 
which die heavenly bodies describe equal areas, are the centres 
about which the motions of such bodies are performed in 
free space, according to the laws of motion. 

Pbop. IV. 

When bodies describe different circles with unifonn 
motions, the forces tend to the centres of the circles^ 
and are as the squares of arcs described in equal times, 
divided by the radii of the circles. 

The forces tend to the centres of the circles by Prop. 2. 

Let AB, ah be arcs described in equal times, BD, bd 
perpendicular to the tan- 
gents at Ay a. Then JDJ?, 
db are the spaces through 
which the bodies are de^ 
fleeted from the tangents, 
by the action of the forces 
to S and «; and ultimately 
are as the forces (Arts. 6 
and 7). Now ultimately, 

^^ AB^ aV 

Dfi«:^_^, dh 



iAS' 



2a8 
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Therefore, 

^ ^ AS" aV ^. ^ 
force at A : force at a :: — 7^ : ultimately. 

But if AE^ ae be arcs described in any other equal times, 
AE : AB :: ae : abf because the motions are uniform. 

Therefore AB : ah :: AE : ae : and 

r, , . AE" ae" AE" ae" 

Force at A : force at a :: — 7- : :: — 7-- : — . 

2AS 2a8 AS as 

Cor. 1. The arcs AE^ ae are as the velocities: hence in 

circles if F be the force, V the velocity, R the radius, ^ « — • 

R 

Cor. 2. Also if P be the periodic time, (or time of 
describing the whole circle) 

^ . circumference , 1 ,. R 

P IS as ; — ; , and therefore as -- . 

velocity V 

Therefore F ocR. -=- on r=i . 

Cor. 3. If P be constant, F « J?, F ccR, 

Cor. 4. If Pozy/Ry Fa ^R^ Foci, and the force is 
the same in all circles. 

Cor. 5. If PocJJ, Foci, Foe ~. 

R 

Cor. 6. If Pocil*, Fa:-y=, ^«— . 
Cor. 7. If P oc if, F oc -L. , p cc 



««.-i* 



fi-^ ' R 

Cor. 8. What has been proved of circles, is true of simi* 
lar portions of similar curves having centres similarly situated. 
Thus in two such points of two similar curves, force in one 

curve (F) : force in the other (f) :: DB : db :: -7—- : — . 
^ ^ y ^ AG ag 



I 
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And AB : ab :: V : v, these being the velocities. Also, since 
the curves are similar axkd JG, ag are the diameters of curva- 
ture, AG : ag :: AS : as :: R : r. 

Hence F : f :: --r : — - 

CoE. 9. Let V be the velocity in a circle at A^ f the 
force, t the time of describing AB^ R the radius, 

AB = VU BD « 1/^. (Art. 8.) Hence y— ^ - |g . 

AB^ jr8 Y* 

But ultimately -— - «= 2 J?; hence — ts J?; /= ^ . 

Cor. 10. Let P be the periodic time : tt the ratio of the 
circumference of a circle to the diameter. Then Stt-H. •? jPF, 

47r'i2« = P^P and F«^ = ^^. 

Cor. 11. In any time t the arc described is Vt\ the space 
fallen through by force / is \ ft\ Now VH^^i^ft^^Ry 
because R.f^ V^. Therefore the arc described in if is a 
mean proportional between the space fallen through in t and 
the diameter. 

Lemma to Prop. V. 

If TXSY be any quadrilateral figure, and if DM, 
DN be parallel to SX^ 
ST, and 

DM.DN..SIX.SY\ 

T, 2), S shall be in a 
straight line. 

For because SX^ SY are 
parallel to DM, DN, the 
angle MDN is equal to XSY. 
Also the sides are proportional 
by supposition; therefore the 
triangles XSY, MDN are similar ; and the angle SXY 
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^DMN. But the angle SXT^DMT; therefore YXT 
« NMTy and the triangles YXT, NMT are similar. 

Therefore YX : XT :: NM i MT\ 

also SX : YX :: DM : NM ; 

therefore SX : XT :: DM : MT; 

and the triangles SXT, DMT are similar, and the angle 
DTM:::-STX, whence D is in the straight line ST. 

Prop. V. 

Having given the velocity and direction of motion 
at three points of a figure described by a body acted 
on by a central force; to find the centre of force. 

Let PT9 QF, RZ (see fig. p. 80), be the three directions 
or tangents at P, Q, Jf, meeting in T and F. At P, Q, R 
erect three perpendiculars P-i, QJS, iZC, reciprocally pro- 
portional to the velocities; that is, such that 

PA : QB :: vel. at Q : vel. at P, 
QB : RC :: vel. at .R : vel. at Q. 

Draw ADj DBS, EC, parallel to PT, TV, VR, and meeting 
in DfE; join TIf, VE; these lines produced to meet will give 
the centre of force. 

For let S be the centre, SX, SY, and SZ perpendiculars 
upon the tangents: DM, DN parallel to SX, SY. By 
Prop. 1. Cor. 1, we have 

SX : SY :: vel. at Q : vel. at P :: PA : QB :: ^DM : DN^ 

Hence, by the Lemma, SDT is a straight line. For a like 
reason SEV is a straight line. Therefore ^S" is at the con- 
course of the two lines TD, VE. 

Prop.VL 

If a body revolve about a fixed centre of force, and 
if, at the extremity of a small arc, the subtense of the 
angle of contact at any point be drawn parallel to the 
line joining the centre of force and that point; 

F 
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The force tending to the centre is ultimately as the 
suhtense directly, and as the square of the time of de- 
scribing the arc inversely, when the time is indefinitely 
diminiiuied. 

Let a body revolve in the line PQ^ about the centre Si 
and PR being a tangent, let QR be 
parallel to SP. 

Let F be the force at P, T the 
tune of describing PQ. Then by 
Art. 8, RQ is ultimately equal to 
the space described in T by JP con- 
tinued constant; that is, to •|jPT^ 
Therefore 

QJ2 « I FT^ ultimately^ 

1 ^QR 

and F= -— - uUimately. 

Whence this proposition is manifest. 

Cor. 1. Let QT be drawn perpendicular on SPi then 
(B. II. Prop. 8) the area SPQ i%. ultimately ef\a9X to ^ SP. QT. 
But if J be the area described in a unit of time, by Prop. I. 

Area SPQ, : A :: T: I; hence ^SP.QT^J.T ultimatelyy 
and i SF^ . QT^ ^ A^ . T* uiamately. 

Multiply this into the equation in the proposition, and we 
have i SP^. QT . P = 2 J^ Qi? ulHmately, 




/ 



whence F=J^««i«^e^. 



Cor. 2. Let SF be drawn perpendicular on the tangent 
PR : then (B. ii. Prop. 7 and 8) the area SPCi is ultimately 
equal to ^SY. PQ: hence by the same reasoning as in the 
last corollary, we shall have 



SA'.QR 
SY' . P(? 



ultimately. 



jem^'mmammmmm^ 
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V 

Cor. 3. Let PF be the chord of the circle of curvature 
passing through S: then, by B. ii. Prop. 13, Cor. 1, PV.QR 
-= P(¥, and if we put PV. QR for PQ* in Cor. 2, we find 

8A^ 



F = 



SY^.PV 



Cor. 4. If V be the velocity of the body at P, PQ^ V. T 
ultimately by Art. 5 of this Book ; and PQ2= FT^; therefore 
PV,QR^r"P ultimately: but QR^^^FT^ ultimately, as in 
the proposition : hence ^ PF. P = F^, and 

Cor. 5. If P be a constant force and V the velocity 
acquired in falling through a space S^ P «= 2 FSj by Cor. 5 
to B. II. Prop. 12. Now P = 2P. ^ PF, by last Cor. Hence 
S^PV; or the velocity in any curve is equal to that 
acquired in falling down ^ the chord of curvature passing 
through the centre of force, the force being constant during 
this fall. 

It appears from this Proposition and its corollaries, that 
a curve being given, which is described by the action of a 
central force, the law and magnitude of the force may be 
determined by determining the ultimate value of any of the 
following quantities: 

2QR SAKQR SJ\QR 
~f^' SP^TqT^' aSF^ . PCt ' 

or the value of either of the following quantities 

sy^.pv rpF" 

The determination of the law and magnitude of the force, 
when the curve is given, is the solution of the direct Problem 
of central forces^ 

The following Propositions are Examples of such so- 
lutions. 

F 2 
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. Prop. VIL 

A body revolves in the circumference of a circle, 
the force tending to any point : to find the force {F). 

"Let S be the centre of force, and SY perpendicular on 
the tangent PY. Then by Cor. 3 to ^ g_ 

last Prop, f^^ gY\Pr ' 

Let AV he the diameter : then by 
similar triangles AVP, PSYy 

PV SIP 
AV: PV:: SPiSY^ Jj" ; 

AV 

sA^ ,AV^ 
putting this value for SYj F = ' . 

Hence in different points of the curve the force varies 
inversely as SP^.PV^- 

Cor. I. Hence if S the centre of force be in the circum- 
ference of the circle, the points S and V coincide, and 

_ SARAS'" 

*yp* 

The force in this case varies inversely as the fifth power 
of the distance. 

Cor. 2. Let the force » —^ , /m being constant. Also 

let P be the periodic time : then P.A^ the whole area of 

, 'tr • AS _, . TT.ilo 

the circle = . Hence A = 



4 4P 

And^^(sA\AS'^)^^^j^, 

whence P* = — AS^. 
About the same centre, /u is the same, and P « AS^, 
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Cor. 3. By Cor. 1. Prop. 1. 

vd. at P SASASP SA^ 
vel. at a" SY" SP'SV" SP" 



by similar triangles. 



Cor. 4. Let Rj S be two centres of force, A the area 
described in a unit of time, when the body moves in a circle 
about R ; B the area described in a unit of time when the 
body moves in the same circle about S; F, G^ the two forces ^ 
PT* the chord through JR; 

^ SAKAV 
Then, r = -zz-=^ — _ _ ,, , 
RF" . PT^ 

SBKAV 



SP^'.PV^ 



Hence, 



Rf-PT' • SP'.PV*' °' " PT' '' "^"Sp- 

Let SG parallel to TP meet the' tangent : then by similar 
triangles PSG, TPV, PV : PT r. SG : SP; 

, PV SG 

hence. 



PT SP' 

SG^ ^RP' 
SP* SP' 



A.^F:G::A'.''^:B-^.,<«::A:Se-.S:sP.Bf. 



Cor. 5. In any curve touching GP at P, and having 
PVA for its circle of curvature, the subtenses of the angles of 
contact are ultimately equal to those of the corresponding arcs 
of the circle ; and hence (Prop. 6.) the forces in such a curve 
are ultimately equal to the forces in the circle in the same 
directions, and for the same velocity. Hence in any curve, 
if F be the force tending to ff, 6 the force tending to 5, 
SG parallel to RP, A and B the areas in a unit of time 
described about R and S respectively, 

F : G :: A' , SG^ :: B^'.SP.RPK 

• PTj TV KB wanting in the figure. 
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Peop. VIII. 
Let a body move in a semidrde PQA^ the foioe 
tending in parallel lines PM, QJV: to find the law 
and magnitude of the force. 

This may be considered as a case of a body acted on by a 
central force, by conceiving the centre to be indefinitely distant, 
so that all lines tending to it may be assumed to be paralleL 

Let C be the centre of the circle, and CMN a diameter 
perpendicular to the direction of the 
force. On account of the similar tri- 
angles CPJIf, PZTj RZQj we have 

Also by the property of the circle 
PR^ ^QR.RWj and uUimately 
PR!'^QR.PV=QR.2PM. 

Hence 

Ci* : PM* :: QR.2PM : QT*; 
CP^.QT^^QR.^PM''', 

OR CP^ 




QT^ 2PJP 



ultimately. 



Also 



SP" 



is constant ; for A is constant, and SP = SC 



uUimatelyj when S is indefinitely distant, and is therefore 
constant. , 

8J» A\^MN^ 2MIP 

because ^iSP.QT" : A :: T : 1, (Prop. 1.) 

__ MN . _ MN ^^ _ 1 . , . 

Hence, is constant : let -— - = C7, and multiplymg 

together the expressions for 

QR ^ ^ SA' ^ ^ . „ CP'.U' 

and for -n^r, we have the force at P = 



PJIf 



Q7T2 SP 

Here U is the velocity paraUel to CA, 

Hence it appears that the force is inversely as PM^. 



J 
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LEMiMtA TO Prop. IX. 

In the spiral which cuts all its rays at equal angles, 
rays at equal angular distances have everywhere equal 
ratios. 

Let PSO, 0S0\ O'SQ... 
pSo, oSo'y oSq, be equal an- 
gles; and let the angles SPO, 
SOa, S(yQ...Spo, Soo, So'q, 
be all equal. Then when SPO^ 
OSC/y &c. are indefinitely in- 
creased in number and diminish- 
ed in magnitude, the limit of 
POffQ..., poo'q is the equi- 
angular spiral. 

The triangles PSO, OSO, 
(ySQ, &c., pSo, oSo', dSq, &c. 
are all similar ; hence, whatever 
be the number of angles, we 
have such proportions as these. 




SP 
SO 

sa 

SP 



so 
sa 

SQ 
SQ 



Sp : So; 

So : So; 

So' : Sq ; therefore 

Sp : Sq; 



and therefore in the curve which is the limit of the polygon 

SP : SQ :: Sp : Sq. 

Cob. 1. Let ^ be the angle which the curve makes with 
the ray : and let the angle QSP be = 7, and the ratio SQ : SP 
be 1 : 1 + c. Let the angle QSP be divided into equal parts, 

PSO, &c. each = 3l . therefore the ratios SO : SP9 &c. are 

n 

all equal; and SO^ : SF" :: SQ : SP; or 



SO : SP :: SQ^ : SP'^ ::!:(!+ c)». 



aoLUTioM or ths sikkct pkoblbm 



Now if OM be an arc with centre St meeting SPy and 
ON a perpendicular on SP, we have 

ON " SO . an PSO, NP ^ MP tdtimatayy m SP - SO i 

««« ON SOanPSO ,, 
hence, tanSPOmj^. SP~SO * '^*"°**®^y' 

sin P^Q 

'^ SP ' 

SO-' 

whence, j3 being the limit of SPO, 

• 7 
sin — 

n 

tan /3 = ^ , n being infinite ; 

(1 +c)»- 1 



I 
n (1 + c)" - n 



Now, by the binomial theorem. 



(i-)(^-) 



1 
1 

e + ^— c* + ^"^ c* + &c. 

1.2 1.2.3 



and since n is infinite, this is^e + &c. 

2 3 



Hence tan /3 



c + &c. 

2 3 



CoE. 2. Hence 1 (l + c) = — ^ ; and 

^ ^ tan/3 

y 
1 + c ■« «^'»^, e being the base of natural logarithnift. 
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Cos. 3. If PSO9 OSOf^ &c. be taken all equal, the simi- 
lar triangles thus formed will be in geometrical progression for 

OS(y SO.Sff SO" 
PSO " SP.SO " SP"' 

Hence the whole curvilinear area will be the sum of this 
infinite decreasing geometrical progression ultimately^ PSO 
being diminished without limit, (Book ii. Prop. 3,) and this 
sum gives 

triangle PSO 



area 



SO^ 
1 - 



SP" 

SO 1 

Now if the angle PSO = 'v, and -r- = , 

^ ^' SP 1 + c 

triangle PSO ^^SO.SP sin 7, 

SP 

iSO.SPsiny , SO ^ 

hence area s " » -L _^ 

SO^ * SP^ 

^^ SP^ SO^"^ 

SP"" (l-hc)sin7 
"" "i" (l+c)«-l ' 

But, by Cor. 2, sin 7 = 7 ultimately « (c + &c.) tan /?, 

hence 

2 2C + C* ^ 2 2 + C '^ 

ope 
and vZtimately^ since 7 = and c=0, this area «= — tan p. 

Prop. IX. 

Let the body revolve in the equiangular spiral just 
described: to find the force* 
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Let PSQy pSq he two small equal angles; and since 
the angles SPRy Spr are also 
equal, and their supplements 
PRQ9 prq; and also 

SP : SQ :: Sp : Sq 

by the Lemma to this proposi- 
tion; the figures SPRQ, Sprq 
are similar. And QT will be a 
similar line in each figure ; hence 

-— --■ s= — ana 
QT qt 

QR qr 1 1 11 



QT^' qf" QT' qt" SP' sp' 
Now if the angle PSQ be dif- 



ferent from pSq^ 



QR 

of 



2 



remains 




the same as before, by B. 11. Prop. 15. Hence, in all cases^ 

QR qr 1, 1 



QT^ ' qf " SP ' Sp' 



and 



QR 



qr 



SP^.QT^ ' Sp^qt" " SPK' Sp^' 
and the force is inversely as the cube of the distance. 

CoE. 1. To find the actual value of the force : let 

QR = TN^PT-PN=SP- SQ cos PSQ - RN cotan RPN 

= SQ (1 + c - cos 7 - sin «y cot /3) 

QT"" = iSQ' sin^PSQ = SQ* sin" 7, and SQ = SP ultimately; 



hence 



QR 1+e — cos-y — sin'y cot/3 



QT 



2 



SP sin'' y 
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Now when y is very small, by Cor. 2, 

tan/3 1.2. tan* j3 

cos «y = 1 ^^ — + &c. 

'1.2 

sin 'V cot j3 = —rr + &c. 

' tan /3 

sin* »y = *y^ — &c. 

hence, neglecting terms beyond 7*, because the ultimate value 

is wanted, 

2 2 

7 ^'T 



QR 2tan*)3 2 _ ^1__ / cos* j8 \ _^ 1 

QJT2 ■= 5'p.y " SaSP Un*)3 ■*■ / " 2^Psin*/3' 

8j*Qi? 4 J* 



Hence force 



SP'QT^ sin'' (i.SP^' 



Cob. 2. The figure, talen to any distance from the 
centre, is always similar to itself. Lemma to Prop. 9. Hence 
(B. II. Prop. 5) the area is as SP^ ; and the area A being 
constant, the time of descending to the centre from P is 
as SPK 

aSP* 
CoE. 3. By Lemma to Prop. 9, whole area »= . tan /3» 

4 

• oP ^ 

Hence time to centre = — -- tan j3. 

■r i. Ml .in, 4-4* ^ /iJsinfl 

Let force = —— ; hence by Cor. 1, m = -r^^ > ^ = ^ • 

SP^ sm*/3 2 

aSP* 

Whence time to centre = 



2/ui cos /3 * 
CoE. 4. By Cor. 1. to Prop. 1. 

vel . at P Sy Sp 



vel.atp SY SP 



, by similar triangles. 
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Prop. X. 
A body revolves in an ellipse, the centre of force 
being in the centre of the ellipse : to find the force. 

Let CAj CB (see diagram to Prop. 11, QA and QT 
being properly altered) be the semiaxis major and minor, 
P any point, and DK a diameter conjugate to the diameter 
PG\ QR parallel, QT perpendicular to CP; Qv parallel to 
the tangent PR; PF perpendicular to DK, 

By Conies (B. iii. Prop. 6.) 

Pv.vG : Qv* :: CP* : CD*. 

also Qt)* : QT* :: CP* : PF* by similar triangles. 

Hence Pv.vG : QT* :: CP' : CD*.PF* 

:: CP' : AC*.BC*, B.iii. Prop. 7. 

Therefore ^ . 

QT* AC*.BC 

Put QR for its equal Pv ; and for vG, put ^CP^ to which 
it is ultimately equal ; and dividing, 

QR C'P 

CP*.QT*^ ^AC*.BC*" 
whence we have (by Prop. 6. Cor. 3, SP being here CP). 

^^^'^^ AC\BC*^ 
Hence the force is as the distance CP- 

CoE. Let the force = ^ .CP; therefore 

4 J* . .AC.BC 

= fi.3 



= M> -a = M 



AC*.BC* '^^ ^ 2 

whole area tt .AC - BC 



And the periodical time = 



A 



Hence the periodic time is the same, about the same centre, 
whatever be the magnitude of the major axis of the ellipse. 
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Prop. XI. 

A body revolves in an ellipse; it is required to 
find the force tending to the focus of the ellipse. 

Let S be the focus, PQ a small arc, QR the subtense 
parallel to SP, QT per- 
pendicular to SP; C 
the centre, PC a dia- 
meter, Qt? an ordinate 
parallel to the tangent 
at P, cutting SP in w. 

Let C2>, conjugate 
to CP^ meet SPin E\ 
PE is equal to the 
semiaxis major ^C; for 
ii Hhe the other focus, 
and HI parallel to C£, we have SC : CH :: SE : EI; 
therefore EI=ES and 

2PE ^ PE + ES + PE EI ^ PS -{^ PI= PS -{- PH, 

because IH being parallel to the tangent at P, makes equal 
angles with PS, PH; (B. in. Prop. 3.) But PS^PH^^AC. 
Hence PE^JC. Now we have 

Pv :: PE : PC by similar triangles. 




OR (=Pa?) 

Therefore 

by Conies, 

ultimately 

and by sim. tri. 



Gv.QR 
Gv.vP 



Gv.vP 
Qai' 



PE.PC 
PC 

1 
PE? 



PC, 

1; 
PFK 



Compounding these four proportions, and observing that 
ultimately Gv = ZPC, we have ultimaiely, 

ZPC.QR : QT* :: PI?. PC : CD'.PF* 

:: AC . PC : AC^ . BC. 

%PC.QR AC. PC QR AC 



Hence 



QT" 



BC ' QT^ 2BC*' 
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Now — - — = L the latus rectum. 
AC 



Hence 



QR 



SJ' 



The force = is = . 

QTKSP' L.SP' 

Hence the force varies inversely as SP^^ 



Prop. XIL 

A body moves in a hyperbola: it is required to 
find the force tending to the focus. 

As before, let CA, CB be the semiaxis major and minor, 
PG9 DK two conjugate diameters; S the focus, Qxf> an 




ordinate, parallel to the tangent at P and meeting SP in <r ; 
QR the subtense parallel to SP. 

Let SP meet CD in E ; PE is equal to the semiaxis- 
major ; for if H be the other focus, and if, in the figure, HI 



i 
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were drawn parallel to C£, meeting SP produced in the point 
/, we should have SC : CH :: SE : EI. Therefore EI=-ES, 
and 2PE = EI+EP^{ES''EP)^IP-SP^HP^SPy 
(because HI being parallel to the tangent at P, makes equal 
angles with P/, Pfi^). ButHP-SP^^AC Hence PE^ AC 
And we have 

QR(^Paf) : Pv :: PE : PC, by similar triangles- 



Therefore Gv.QR : 


Gv.vP :: 


PE.PC : PC\ 


by Conies, Gv .vP : 


Qv' ,:: 


PC* : CD*, 


ultimately, Qt>* : 


Qw* ■■ 


1 : 1; 


and by sim. tri. Q<r* : 


QT" 


PI? : PF*. 



Compounding, we have ultimately {Gv being then = ^PC), 

^PC.QR : QT^ :: PE?.PC : Ciy.PF^ 

:: AC\PC : AC\BC\ by Conies. 

„,, QR AC 1 ^ , . , , , 

Whence — -- = = — ; L bemg the latus rectum. 

Hence the force = 



QTKSP" L.SP^" 

and the force varies inversely as the square of the distance. 

In a similar manner it may be shewn, that if the body 
move in the opposite hyperbola, it must be acted on by forces 
tending from, instead of to, the centre, and varying inversely 
as the square of the distance. 

Prop. XIII. 

Let a body move in a parabola : it is required to find 
the force tending to the focus of the figure. 



i 
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Let S be the focus, 
A the vertex, P any point, 
QR the subtense parallel 
to SPj QT perpendicular 
to SPj PG parallel to the 
axis, Qwv parallel to the 
tangent; a^JV perpendicu- 
lar to the tangent. 

Then P£r, PS make equal angles with the tangent, 
(B. III. Prop. 1,) to which Qwv is parallel: therefore wPv is 
an isosceles triangle ; and Pv - Pw = QR. Now, by Conies 
(B. III. Prop. 3), ^SP. Pv = Qt>«; or 4>SP.QR^ Qaf ulti- 
mately. (B. II. Prop. 6.) 

But Qaf : QT^ :: SP^ : SN^ :: SP : SA; (B. in. 
Prop. 2.) 

whence ultimately 4 5P.QJI : QT^ :: SP : SA. 



And 



Hence the force 



QR 



QT' ^SA 
8AKQR 



9, A 



2 



SP\QT^ SA.SP' 



Prop. XIV. 

When several bodies revolve in ellipses about the 
same centre of force, varying inversely as the square 
of the distance, the latus rectum in each, is as the 
square of the area described by its ray in a unit of 
time. 

By Prop. 11, the force in this case is - — ^^, where 
A is the area described in a unit of time, and L the latus 
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fectum. But about the same centre, the force is ^^; there- 
fore 

fx = -=— 9 L = , or L IS as A^. 

L fJL 



Cor. Hence A = 



V^M* y/L 



Prop. XV- 

On the same suppositions, the periodic times in the 
dlipses, are in the sesquiplicate ratio of the major axis 
(that is, in the ratio of the power of which the index 

is I). 

For the whole area = tt . ilC BC. Hence 

... whole area 

periodic time a* : — : , 

^ area m time 1 

irAC.BC 2irAC.BC ^irACi 

\/M"\/L y BC fii 

CoR. Hence the periodic time depends only on the major 
axis, and is therefore the same in the ellipse, and in a circle of 
which the diameter is equal to the major axis of the ellipse. 

If PQ, (see fig., p. 9S) be an arc described in any time Ty 
PQ is ultimately = T .V, V being the velocity at P. Also 
the area SPQ is ultimately ^ A.T. But 2SPQ is ultimately 

- SY. PQ. Therefore SY. V. T= ^A . T, and hence F* ^. 

SY 

Prop. XVI. 

On the same suppositions, the velocities of the bodies 
at any points, are inversely as the perpendiculars from 
the centre of force upon the tangents at these points, 
and directly as the square roots of the Latera recta of 
the orbits. 

G 
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By Prop. U, A^ y^y^ ; 

hence, by Cor. to Prop. 15, F = ^^— . ^^ , 
and the velocity is as ^ . 

CoR. 1. Hence L«-.F*.^r*, and L « F*.*y.F^. 

Cor. 2. At the greatest and least distances, the curve is 
perpendicular to the ray; SY coincides with the distance, 

(as SA,) and Foc^^. 

SA 

Cor. 3. To compare the velocity at any point of a conic 
section, with the velocity of a body revolving in a circle at 
the same distance, and acted on by the same force. 

The velocity in any curve is equal to that acquired by 
falling down ^ the chord of curvature, by the force, continued 
constant. (Prop. 6, Cor. 3.) Hence, PV being the chord of 
curvature, 

py sp 

F* in conic section : F^ in circle :: 2-F. — : 2-F. 

4 2 

:: PV : 2SP. 

2Ciy 2SP.HP 



Now in the ellipse or hyperbola, PV = 



AC AC 



2 SIP HP 

Hence F* in conic section : V^ in curve :: ~ — -f- : 2*S'P 

AC 

:: HP : AC. 

Cor. 4. At the mean distance in the ellipse, HP b AC ; 
hence the velocity is equal to that in the circle. 
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Cor. 5. In the same figure, or in^difierent figures, for 
which the latus rectum is the same, V oc ■— — . 



Cor. 6. In the parabola, SV= y/SP.SA^ hence 

F oc --— - oc — a . because *S-4 is constant* 

SV ^/SP.SA y/SP 

In the ellipse, 

SP VP 

^SF^ = 5e -— (See B. v.) = BC—r^—— , 
HP^ ^ 9.AC-SP 

1 <\/2^C - SP 
'^'SY^ BCy/SP ' 

Hence, when SP diminishes, V increases in proportion to 
.^ , in consequence of the denominator: but it also in- 
creases in consequence of the numerator, for ^AC - SP 
increases; hence the velocity increases faster than in pro- 

1 
portion to -ygp- 

In the hyperbola, 

S)P SiP 

Sr = BC-~ . BC- ^3j^-^ (B. V.,, 



V 



1 ^/^AC^SP 



oc oc 



SY BCy/SP * 



Hence, when SP diminishes, V increases in proportion to 
■ in consequence of the denominator : but it diminishes 

in consequence of the numerator, for 9. AC + SP diminishes: 
hence the velocity increases slower than in proportion to 
1 

Vsp' 

G2 



* * * • j« 

* • • • 
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Cor. 7. In the parabola, PV = ^SP. Hence, by Cor. 3, 
F* in parabola : F* in circle :: 2:1, 
and V in parabola : V in circle :: y/9. : 1. 

In the ellipse, HP = ^AC - SP\ hence, by Cor. S, 
r in ellipse : Fin circle :: \/%AC-SP : y/AC 

J./ SP 

Hence the ratio is less than ^2 : 1. 

In the hyperbola, HP^zAC-vSP', hence, by Cor. S, 



F in the hyperbola : F in circle :: y/^AC + iSP : vGfC 



:: V2 + — :l. 
Hence the ratio is greater than /y/2 : 1. 
Cor. 8. In the same way as in Cor. 3, 
F in conic section : F in circle of radius \L :: ^tt ' ^-^ 

:: \L : SY, 
by Cor. 5, for the latus rectum L is the same for both curves. 

CoR. 9. By the same reasoning. 

Fin circleof radius -^L : Fin circle of radius aSP :: y/SP: \/JZ. 
Prop. 6. Cor. 3. Compounding this with the Proposition in 
last Cor., 

F in conic section at P : Fin circle of radius SP 

:: y/SP.^L : SY. 
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Prop. XVII. 

A given force being inversely as the square of the 
distance from the centre, and the velocity and direction 
of the motion at a given point being known ; to deter- 
mine the curve described. 

Let the force at P be — ^ , and V being the velocity at P, 

assume PFso that 
2m PV 

" SP"' 4 

„^ ^V'SP^ 
or PF= . 



Draw PH making 
the angle ZPir=FP*S. 

If PF be less than 
4SP, take PH on the 
same side of YZ as S^ 
and such that 

SP.PV 




,-.'• 



HP^ 



4,sp^pr' 



whence PV^ 



^SP.HP 
SP + HP 



If, then, we construct an ellipse with foci S and H^ PV will 
be its chord of curvature through S; for, CD being con- 
jugate to CP, chord of curvature 



2Ciy _ 4^ciy 4SP. HP 

AC " 2JC ' SP + HP 



by .Conies. 



If PF= 4 aSP, produce HP on the other side of YZy take 
PX = PS J and draw a line WX perpendicular to PX. If we 
construct a parabola with focus S and directrix WP^ the chord 
of curvature at P will be 4*yP or PV. 









'.-: 
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If PF be greater than 4*S'P, take Pk in HP produced, 
such that A P= py^^gp . whence P F= ^p^gp • If there- 
fore we construct a hyperbola with foci 5 and A, PF will be its 
chord of curvature through 6\ For, CD being conjugate to 

CP, chord of curvature = — -— = --=; — p-^i by Comes. 

And the conic section found by this construction will be 
the curve which the body describes : for if the body move in 
this conic section and have the velocity F at P, the force at 

P will be -^ — , by Prop. 6, Cor. 4. And there cannot be two 

curves which a body may describe, departing from P with the 
same velocity in the same direction, and acted on by a force of 
the same magnitude, and varying according to the same law : 
for if this were supposed, there would be nothing to determine 
which of the two curves the body should describe in any given 
instance. Therefore the conic section just found will be the 
path of the body. 

Cor. 1. If the direction of motion at P be perpendicular 

2(72)2 2BC^ 

to SP. P is the vertex of the curve, PV ^s^ = — --- = L^ 

AC AC 

And gP= ' — - in the. ellipse; hP = -- '-—- in the 

hyperbola. 

Cor. 2. If the velocity at the vertex be F, since at that 

point Sr= SP, by Prop. l6, Z = - F^ *yP«; and the orbit 

may be constructed by the last corollary. 

CoR. 3. If the velocity of the body at any point be altered, 
the change in the orbit may be found by the proposition. 

Thus at the point P of an ellipse, Fig., p. 101, let the 
velocity be altered in the ratio 1 : w, the force remaining 
the same. Since the direction of the motion is supposed to 
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be unchanged, PH will be in the same direction as before. 
Let F be the force, V the velocity at P, then, by the change, 
F becomes nV\ let PF become PF', and PH become PH\ 
Now 

PV PV' 

P = 2F. — , n2F* = 2F , whence «*.PF«Pr. 

4 4 

But Pr= — . therefore PF^= =^r^- 

SP + HP' SP+HP 

And ^/p_ -y^-P^^ ^n^SP^.HP 

4>SP-Pr ^SP(SP+HP)''4n''SP.HP' 

H'P n^SP 



HP SP-'{n^''l)HP 



And the position of H' being found, SH' the new position 
of the major axis is known. 

Also, we have H P ^ 



SP + H'P^ 



SP'(n^'-l)HP' 

SP^ + SP.HP 



nJ'SP - (w« - 1) {SP + ffP) 

(Since SP^^HP^^AC), 

SP + g^P SP^ 

2JC "n«*yP-(»'-l)2-4C* 

And SP + jy'P is the new axis major. 

The new centre C' is the bisection of SH\ and the new 
ellipse is determined. 

Cor. 4. If the force which acts on the body at any point 
be altered, the change in the orbit may be found by the pro- 
position. 

At the point Pof an ellipse. Fig., p. 101, let the force be 
altered in the ratio 1 : m, the velocity remaining the same. 
As in last Cor. the direction of the motion being supposed 
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to.be unchanged, PH will continue the same direction as at 
first. Let F the force become f»F, and PF, PH become 
PV\ PH'. Then 

PV pv 

F« = 2F. — , F* = 2fiiF.— -, whence Pr=iii.PF'. 

4 4 

1. * nir ^SP.HP ^ ^ ^^^, ^SP.HP 

But PF=— - — — -, therefore PF' = 



And H'P 



SP^HP' m{SP + HP) 

SP.PV 4>SP\HP 



^SP^Pr ^mSP(SP+HP) - 4^SP.HP' 

H'P SP 

HP ~ mSP^(l''m)HP' 

Hence the new position SH' of the major axis is found. 

SP.PH 



Also, we have H' P = 



SP^H'P^ 



fnSP-{\''m)HP' 
mSP^^mSP.HP 



SP-il-myiSP + HP) 
And since SP + HP^ 2 AC, 

SP^H'P mSP 

QJC " SP-(l-m)2i(:' 

And SP + H'P is the new axis major. 

The new centre C' is the bisection of SH' and the new 
ellipse is determined. 

Prop. XVIIL 

Having given, at a given point, the velocity and 
direction of the motion of a body, revolving about a 
given centre of force varying as the distance, to find 
the curve described. 

i^ < . . 

** »I *'r t*» * • 
.'•-t *t • » * * 

• ' • : '4' \ / 
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' Let PR be the given direction of projection, C being the 
centre. And let PF be four times the space through which 
a body must fall, to acquire, by the action of the force at 




P, (= fJL'CP) continued constant, the velocity which the body 
has at P. Hence PF is given by the formula for constant 

forces, r? = 2P. — = ' . 



Draw DCK parallel to PR^ PF perpendicular on it, and 

CP PV 
take in PP, PH so that PW = '- . Join C-ff ; bisect 

2 
it in /; join P/; take IM, IN each equal to IC or IH. 
Draw CN, CM; and in these lines take CA = PM, CB = PN. 

CAy CB are the positions and magnitudes of the semi-axes 
major and minor of the ellipse described. 

Bv Conies, if PF be the chord of curvature at P, and 
CD the conjugate semi-diameter, 

^„ %CB* ■ ^^, CP.PV ^„, 
PV = -z=^ , whence CD" = = PW. 



CP 



2 



With centre / and radius IC describe a circle; it will 
pass through C, H^ Mj JV, and F because CFH is a right 
angle. Therefore PF .PH ^ PM .PN =^ CA. CB, 
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Also PC^ -h PH* ^ PP ^ IC^ ^ PP ^ IIP, 

= PP + IM' + PP + IIP, 
- {PI + IMf + {PI - IN)\ 
= PM^ + PIP, 

Hence, since CD = PH, we have 

PF.CD^AC.CB, PC^ ^ CD^ = AC"" + CB^. 

And these are two equations which determine AC, BC> 
But these are two properties of the semi-axes major and minor. 
(Conies.) Therefore AC and BC have the due magnitude of 
the semi-axes of the ellipse, of which the chord of curvature 
at P is PV. 

Also they have the due position. For let PH, CN meet 
in w, and CF, NH in y. The angles wFy, xNy being right 
angles, . the circle on diameter xy will pass through F and N, 

Also 
angle PNw = CNM = CFM = wFN, because CFw = MFN. 

Therefore PiV^ is equal to the angle in the alternate 
segment xFN, and therefore PN is a tangent to the circle 

wy at JV. 

Hence PF,Pai = PIP = 5C^ But (B. iii. Prop. 11) this 
is true if Cw be the position of the major axis. Therefore CA 
is the position of the major axis: and NCM is a right angle; 
therefore CB is the position of the minor axis. 

Therefore the ellipse, of which PV is the chord of cur- 
vature, is rightly determined by the preceding construction. 
But the curve described by the body can be no other than 
this ellipse; for a body acted on by the force and having 
at P the velocity and direction which are here supposed, 
may move in an ellipse, of which the chord of curvature will 
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be PV (Prop. 6. Cor. 5), and there cannot be two curves 
described by two bodies setting out with the same velocity, 
in the same direction from the same point, and acted on by 
the same force. 



Prop. XIX. 

To compare the velocity of a body moving in any 
curve, with the velocity of a body moving at the same 
point in' a circle having the centre of force for its centre. 

Let the chord of curvature of the curve through the centre 
of force be PV. 

And since the chord of curvature of the circle is' 2*SP, 
if V be the velocity in the curve at P, and U in the circle 
at P; by Prop. 6. Cor. 5, P=2F.iPF, U^=2F.^SP. 

Hence P : U^ :: ^ PV : iSP :: PV : 2SP, 



and V : U :: y/ PV : ^/2SP. 
CoE. 1. In the ellipse about the centre, PV = 

K^ Mr 

(B. III. Prop. 20). 

Hence, putting CP for SP^ 

V : U :: CD : CP. 

2CD^ 
Cor. 2. In the ellipse about the focus, PV = .^ 

(B. III. Prop. 20.) 

2SP.gP 

■" AC ' 
Hence V : U :: ^/^^^^ : ^^SP :: ^/HP : ^JC. 
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Cor. 3. In the equiangular spiral, PV=2SP (B. v.). 
Hence V : U :: y/^SP : y/zSP: 
the velocity in the spiral is equal to that in the circle. 

Prop. XX. 

To find the angular velocity of a body moving in 
a curve acted upon by any force. 

The angular velocity is measured by the ultimate quotient 
of the angle described, in any small time, divided by the time. 

Hence in the diagram, p. 82, 
angular velocity = ^ = ^--g^^PSQ ^ J...glePSQ 

A ^ 

' SQ .. . ZA 

Hence the angular velocity is inversely as «yP*. 
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THE DIFFERENTIAL CALCULUS. 



DEFFINITIONS. 

1. The Differential Calculus is a system of symbolical 
calculation, the object of which is to determine the ultimate 
ratios of the differences of quantities, and to solve various 
problems by means of these ultimate ratios. 

2. The quantities are here considered as variable, and 
depending upon each other by means of algebraical and trans- 
cendental operations of calculation. A quantity y which 
thus depends upon a quantity w, is called a function of x ; 
and X is called the independent variable. 

3. Implicit functions are those in which the operations 
to be performed upon the independent variable are denoted 
by the symbols, according to the order in which they must 
be performed to give the function. Implicit functions are 
those in which the function and the independent variable are 
involved in an equation or equations, which is not solved so 
as to give the function by a direct series of operations. 

In the following cases y is an explicit function of w-. 

aaf^ + baf* 

y = a», y«sina?, y= .^ > y = \/l-^V^'. 

c^ •f" e 

In the following cases y is an implicit function of x ; 
y* - 9,mxy + a?* = ; y^ - 3xy + a^ ss a^; y*" — a^y = 6 ; 
• €^ — ytt? = c ; y — 0? sin y = o. 
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In these cases the quantities a, 6, c, e, m, p are con- 
sidered as constant^ while ^ and y are variable. In such 
cases as that in which y ^ ma^, m is called a parameter. 

If ^ be a function of x, explicit or implicit, ^ is a 
function of y. 

4. If when y is a function of <r, w become a?', and y 
in consequence become y', x - x and y —y are the mcrementB 
or differences of x and y. 

5. The Differential Coefficient of y tri^A reference to a?, 
is the ultimate value of the fraction —, ; and is denoted 



w — w 



dy 
by the symbol — • 

ax 

6. From this definition are to be deduced the Rules of 
Differentiation of all functions, algebraical and transcendental ; 
and the application of Differential Coefficients to problems 
respecting curves, expansions, &c. 



RULES OF DIFFERENTIATION OF ALGEBRAICAL FUNCTIONS. 

7. Differential Coefficients are in general finite quan- 
tities, being the limits of the ratios of two vanishing quan- 
tities. 

8. Let p, q^ yhe any functions of x^ and when x be- 
comes a? + A, let p become p -*- a, g become ^ + )3, and y 
become y + Ap : then, 

-^ = the limit of - , ^ = the limit of - , 
dx p dx h 

-^ e: the limit of - . 
dx h 

This appears from Art. 5. 
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9. If p» 9 be any functions of w, and y -pq'-, ^e shall 
have 

dy dp dq 

dx dx dw 

For let w^ p, g, y, become <i? + A, jp + a, g + /3, y-\-ki then 
y + A? = (p + a) (9 + j3) = />g 4- ga + p/3 + a/3, y = pg ; 

hence, A; = ga + J0)3 + a/3, 
A? a j3 a 

and when h vanishes, - remains finite (Art. 7), but fi vanishes; 

/I' 

hence, - )3 vanishes. Also, - , - , -• become 
h h h h 

^. ^, ^. (Art. 8.) 
aw aw aw 

aw aw aw 

1 1 

10. Multiply this equation by the other, - = — , and 

y P^ 

we have 

I dy I dp I dq 
y' dw p dw q* dw* 

11. If p, g, r, be any functions of w^ and y = pqr, we 
shall have 

1 dy 1 dp 1 dq 1 dr 

y dw p dw qdw rdw' 

For let pg = s ; then y =pqr « sr ; and hence, by Art 10, 

1 dy 1 ds 1 dr 

-.-r- = -.-7-" + "»"7~? but by the same article, since s ^ 00, 
y dw 8 dw r dw '^ ^^^ 
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1 ds 1 dp I dq 
a' dx p dw q' dw^ 

1 dy I dp 1 dq 1 dr 
hence, -.-— = -.-- + -.-— + -.--. 
y dw p dx q dw r dw 

12. In the same manner, if y ^pqra ...{n factors), we 
shall have 

I dy I dp 1 dq 1 dr 1 ds 

-.-r- = -'-r" + ~«";~ + ""«"r" + ~-"7-+---(» terms). 
y da p dw q don r dw 8 dof 

13. Ky.f, |-».y-g. 

For in the last article, let g, r, s ... each ^p: therefore, 

1 dy I dp I dp ^ 
-.—-«-.--- + -.•-— + &c. (n terms) 
y dw p dw p dw 

n dp 

p ' dw 

dy ny dp « , ^P , 

-— - = — - -7- = »p -r- 9 because y = p*. 

dw p dw dw 

dy 

14. If y«=a?" (n being a whole number), — =^-«n^"^ 

dw 

For if j> = «r, ;> + a = ^ + A, o = A. 

a dp 

Hence - ^ I9 whence -z—^ 1, by Art. 8. 
h dw -^ 

Whence by last article, 

-^^nw^'K 
dw 

— *w . 

15. If y = a?*, — being positive or negative. 



dy m 5_i 
dw n 
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For let u = a?", therefore « = a?" = y". 

And ~- = mci?"'-^ by Art. 14. 
dcv 

du dv 

Also — - = ny"-' -^ , by Art, 13. 
da? dx 

Hence ny"" — ^^w^"*" ; or ?*--.--- = w — ; but «" « a*" ; 

dx y dw X 

therefore, —- = —.-=:— a?" 
aa? w a? w 

16. If y^p^^ p being a function of a?, 

dy m *^ - 1 dp 
da? w dx 

For let tf ^p"^ - «. 

,«, rf^ dv d© 

Then — - = wv™"* -7^ = wp""^ -p- , by Art. 14 ; 
dx dx dx 

y* dy p"^ dp ^ 
or n^ . -~ = m— . -^: but y^'^p'^. 
y dx p dx 

Therefore ^=^.?^.^=^^,^'^. 
dx n p dx n ^dx 

17. If y=sp4-c, p being any function of a?, and c positive 
or negative, 

dy dp 

dx dx 
For when w becomes a? + A, if p becomes p + a, and y 

becomes y + A, y-\-k^p-k-a-¥c^ k ^ a^ r = T' ^"^ ^^ *^*^ 

A A 

limit, 

dy dp 

dx dx' 
H 
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18. If y = cpy p being any function of 4?, 

dy dp 
dw dx 

For making the same suppositions 

y + k - c (p -{- cl) = cp -^ ca-^ 

ft a dy dp 

whence k^ca% T = <^r5 and taking the limit — -rsc---: 

h h dx dx 

Hence ify=-p, t^=— -j^- 

dx dx 

19* If ^ decrease when x increases, 

^y 1- •. i. decrement of y 

— ^ = — hmit of -; . 

dx increment of x 

¥oT let Xy y become x + h, y — k' \ and let —k' = k. 
Hence x, y become x -{• h, y + k; and by Art. 5. 

— = limit of - = limit of - -- = - limit of — • 
dx h h h 

20. If ^ be any function of p and p any function of x^ 

dy dy dp 
dx dp dx 

For if A, a, k be the increments of a*, p, y, 

-^ = limit of - = limit of - . - = limit of - limit of - . 
dx h ah ah 

k . dy 
But the limit of - is — - , when p is supposed to be the 

a dp 

independent variable; and the limit of - is -;-; hence 

h dx 

dy dy dp 
d^^ d^ ' d^' 
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21. Examples of Arts. 15, l6, 17, 18. 

(1) Let y = (a + hary, 

-^^nU^- hary-'' — ^-f ^, by Art. l6, 

d • 6tP"* 
= w (a -H ba/^Y'^ — ^- , by Art. 17, 

d ,a/^ 
= w (o + fta?"*)""^ 6 . -- — , by Art. 18, 

^ dw '^ 

= mnhoT'^ {a + 6^?*")"-^ by Art. 14. 

(2) Let y = y/{a^wi + 6*a?i), 

-^ = i (oia?i 4- ykdyi X — ^ ^ , by Art. l6, 

= (a2<2?5 + 0?a?3)"* X J 

12a?« 
3ai<2?i + 26§<»i 



12 a? vY/(oi a?i + hi a?i) ' 

22. If y be a function of a, the differential coefficient 

—— is a function of a?, and may have its differential coefficient 
aw 

taken with respect to iT; this differential coefiicient is called 

the second differential coefficient^ and is denoted thus, -^» 

■ I 
In like manner the differential coefficient of the second 

differential coefficient is called the third differential coefficient; 

d?y . 
and is denoted thus, — --; and so on. 

dor 

23. These differential coefficients are by some modern 
writers denoted thus; d,y, d^y, d^y, &c. 

h2 
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24. Examples of Art. 22 : 
(1) Let y as j7* ; 

Cpy 



WdT* 



-1. 



= n .» — 1 a?" 



-«. 



dar" 
dor 



and so on. 

(2) Let y = aT (a - J?)" ; 

dy^ 
dx 

d^ 

dw^ 

and so on. 



= mzr""' (a - a)* - nuT* (o - a?)*"^ ; 

= f» . m - 1 a;""* {a - a?)* - 2mna?"-^ (a - a?)"*"* 



+ W.W- la?* (a— a?)*"* ; 



APPLICATION OF FIRST DIFFERENTIAL COEFFICIENTS TO 
CURVES DEFINED BY RECTANGULAR CO-ORDINATES. 

25. If a curve be given by an equation between its co- 

ordinates a?, y, the differential coefficient ~— is the (trigono- 

diC 

metrical) tangent of the angle which the curve makes with 

the line of abscissas a? at any point. 

Let P be any point 
in the curve, Q a point 
in the curve near P; PM^ 
QN ordinates, PO paral- 
lel to AM; PU the tan- 
^nt meeting JVQ in R. 

Let a?, y become 
a? + A, y + k: 
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therefore PO = h, OQ^k: 

. k QO 

and — =^ . 

h OP 

k QO 

Therefore Limit of •- = Limit of ---- . 

h OP 

But Limit of ^ = :r^ » by Art. 5 of this Book. 

And Limit of ^r^^-i--, by Prop. 8. B. ii. 

OP OP ^ ^ 

r^. ^ dv OR 
Therefore -Jl = -_ = tan UPO. 
da OP 

26. We may hence draw a tangent to a given curve. 

27. If the tangent UP meet the line of abscissas in T, 
MT is the subtangent. 

TM. tan PTM = PM ; hence the subtangent = -7-; 

dy 

dw 

28. A normal is a line perpendicular to the curve, as 
PK. 

The (trigonometrical) tangent of the angle which the 

normal makes with the line of abscissas = "t— 

dy 

dw' 
Because it is perpendicular to the tangent, by B. i. Art. 32. 

29. If the normal meet the abscissa in JT, MK is the 
subnormal. 

The subnormal = v -r^ • 

^ dw 
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30. To find at what angle the curve cuts the axis. 

dy 
In the differential coefficient 3—, put for w the value 

which makes ^ = 0. 

dy 
When — = 0, the curve is parallel to the line of abscissas 
da; 

cV ; and when -— is infinite, the curve is parallel to the line of 

dx 

ordinates y. 

31. To find whether a given curve have asymptotes. 

By Art. 27, AT=^^a;. 

dy^ 

dcB 

If this be finite when <r is infinite, the tangent AT has 
a limiting position in which AT h finite, and the curve has 
an asymptote. 

Let A r, parallel to the ordinates, meet the tangent in F, 

AV=AT.XanPTA^y-w^. 

^ dai 

If this be finite when <r is infinite, the curve has an 
asymptote, for the same reason as before. 

Hence, in order to determine whether the curve have an 
asymptote, we must find whether either of the above quantities 
is finite when x is infinite. 

32. Find the subtangents, and subnormals, of the curves 
defined by the following equations, and the angles at which 
they cut the axis : 

The cubical parabola ^ = ^^^ 

The semi-cubical parabola t^ = aoir. 



L 
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The general parabola y'"+« = a*"d?*. ' 

The knot. ay ^ xy/ d^ ^ s?. 

The witch coy = a\/aw — ai^. 

The lemniscata {ar-\- j^y ^ a^{aF - y^). 

The cissoid y^{a — a}) = a^. 

The conchoid w^t^ = (a + wy(b^ - ai^). 

33. A quantity (y) which depends upon another (<r) is a 
mawimicm for a certain value (X) of a?, when the value of y 
corresponding to jp is greater than all other values within a 
certain finite interval including w ; (for instance, greater than 
all values of y corresponding to values of .r from A' — o to 
Jl^+a^ a being finite.) 

A quantity, in like manner, is a minimumy when it is less 
than the values immediately adjacent on each side. 

34. Axiom. If a quantity first increase and then de- 
crease, it comes to a maximum at the point where the increase 
ends and the decrease begins. If a quantity first decrease and 
then increase, it comes to a minimum at the point where the 
decrease ends and the increase begins. 

In a curve of continued curva- p 

ture, at points where the ordinate 
is a maximum or minimum, the y^ ^ 

tangent to the curve is parallel to 
the axis, as at P, Q. 

35. When y^ a function of <v, is a maximum or minimum, 
dy 

For any function of x may be represented by the ordinate 
of a curve, and the function will have a maximum (or a mini- 
mum), when the ordinate has a maximum (or minimum). But 
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the ovdinate has a maxunum (or jninimum), when the tangent 

dy 
is parallel to the line of abscissas ; that is, when -7— = O. 

(Art. 28.) Therefore, &c. a. e. d. 

It will be seen hereafter, that it is not true conversely, 

dy 
that when •— «= 0, ^ has a maximum or minimum. 

36. Examples to Art. 35. To find the maximum and 
minimum values of the following quantities: 

The ordinate of the knot, in which y = - ^ a? - w^. 

a 

The ordinate of the curve, given B. i. Art. 6, in which 

ZOy = 4^ - 12a?2 - 63a? -f 30. 

The ordinate of the lemniacata, in which 

(a?^ + y^y ^ a^{a^ - y*). 

The rectangle inscribed in a given circle. 

The cylinder inscribed in a given sphere. 

The straight line which bisects a triangle cutting two 
given sides. 

The cones whose convex surface is given (the maximum 
solid content). 

du 

37. If ^ be the area of a curve, --- = «. 
* dec 

By B. I, Prop. 3, Cor. 4, if the abscissa of a curve 
receive an increment AB (see diag. p. 24), the area receives 
an increment JBba, which is ultimately equal to Aa, AB. 
That is, if a? receive an increment h and u an increment i, 
i is ultimately equal to yh. 

Therefore y = 7 ultimately = — - . 

h da; 



I lilM II ■ 



■«r 
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38. If u be the solid conteut of the solid generated by 
the revolution of any curve round the axis of <«?, t- = ^^• 

For if w + A and i be corresponding increments of ^ and 
t/, by reasoning from Cor. 6 of Prop. 3, B. i, instead of the 
Proposition, it will appear, as in Cor. 4, that i is ultimately 
equal to 'iry^h. 

Therefore irir = v ultimatelv = -r- . 

^ h " dcT 



39. 1( u he the length of the arc of a curve, 

du ' "^-^ ^^ 



'A'^mi 



For if A, i be corresponding increments of w and z«, we 
have (see diag. p. 11 6), 7 = p^^ 

PO PR 

and limit of --- = — r (B. ii. Prop. 8) 



^(PO^ + OR') 



PO 



=4^P] 



=W^+(S)]'^y '*■•*•''' 



'^^"^^S=^f+(S)]- 



40. If u be the curve surface of any solid generated 
by the revolution of any curve round the axis of a?. 

For by reasoning from Art. 13, B. ii, instead of Art. 6, 
it will appear as in B. ii, Prop. 7, that the surfaces generated 
by the revolution of the arc, its chord, and its tangent round 
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any axis, are ultimately equal. Also the surface generated 
by the revolution of the tangent PQ (see diag. p. Il6) is 

2w . MP .PQ^ir.PQ.OQ (see Errata). 

Hence the increment of the surface generated by the revo- 
lution of the curve AP is ultimately 

= 27r . JIfP.PQ + IT. PQ . OQ. 

, , increment of the surface ,,_ PQ PQ 

And ^^i =2Tr.MP.-^^ir^.OQ. 



OP 



OP OP 

du 



Also ultimately the first side becomes — , the fraction 



dw 



PQ 
OP 



is -y/l 1 + I T~ ) \t and the last term vanishes, because 



PQ . 



OQ 



is finite and OQ vanishes. 



Therefore g = ..,v'{l+(S)}- 



BULES OF DIFFERENTIATION OF CIRCULAR FUNCTIONS. 

41. Let APQ be a circular .arc of which the radius CA 
is 1 ; P3f, QN the sines of the 
angles ACPy ACQ; AT, AV the 
tangents of these angles ; PO parallel 
to AC, CU equal to CT. 

Let ACP = X, MP = y, or 

increment of y 
y = sm tT, then . _ 

increment of x 

increment of MP OQ 
increment of AP PQ ' 

dy CM 

Ix ~'CP 




A. M W 



and taking the limits 



(B. II. Prop. 7.) = cos x. 



d.sinx 

Hence — ; — = cos x, 

dx 
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42. Let y = CM — cos ob. 

decrement of y OP MP 



increment of x PQ CP 



= sm jff. 



d . cos 3D , d. cos X 

Hence = sm a? ; and — = — sm w. 

dx dx 



43. Let y = AT = tan a?. 

increment oiy ^TV ^TV TU 
increment of w ^ ¥q" TU ' PQ' 

TV TC TU TC TC 



And taking the limits, 



TU AC' PQ PC AC' 



Hence -— = -— — = (sec ^y ; and — ^- = (sec ofY, 

doD AC dx 

44. Let y = CT = sec x, 

increment of y ^ UF ^ UV TU 
increment of"i? "^ PQ " TU ' PQ * 

UV AT TU CT 



And at the limit, 



TU AC' PQ AC' 



dy AT.CT 
whence -— = — --— — = tan x . sec x, 
dx AC^ 

d . sec X 

— ; = tan X . sec x, . 

dx 

45. If X and y be connected by any equation, and if 

when X is the independent variable, and y the function, 

dv 

— = p, then when y is the independent variable, and x the 

dx 

dx I 
function, -;—=-. 
dy p 
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For if ^, A; be the corresponding increments of x^ y^ 

— ss limit of ~ = limit of - = = _ = _ . 

^ 7 limit of - -^ ^ 

k k dx 

46. When ^ == sin <r, x = arc to sin y^ But this may be 
better expressed thus, sin'^j^so;; the symbol sin being con- 
sidered as separable from the quantity y^ and being transposed 
from one side of the equation to the other, as if it were a 
symbol of quantity. 

47. Let sin"^y = j?, then j^ = sin d?, — = cos tT = v^l-y*. 

dx 

d.sin"^y dx I 1 



dy dy dy cos x 

dx 
d . sin"^ y 1 

dy "\/i-a^' 

48. Let cos"* y = .r, then y = cos a?, 

dy . /- r 

— = - sm a? = - V 1 - y% 

d.cos"^y dx 1 1 



dy dy dy sin x ' 

dx 
d.cos~*y 1 

dy "" y/i^r^' 

dy 
49. Let tan"' y=^x, y = tan a?, -— «: sec^ a? = l + jf . 

d.tan"'y dx 1 I 

dy dy dy sec* a?* 

d.tan-'y 1 



dy 1 + y 



» 
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50. Let sec~^y = a?, y = sec a?, 

— = tan a? sec a? = y v y* — 1, 
d.sec'^y dx I 1 



dy dy dy tan a . sec <r 

d.sec"*y 1 

dx y y/y^ ^\ ' 

51. Examples : 

d.sinw cos a? , « • . xo 

; = (cos ay — (sm wY = cos 2<r, 

dtV 

sin a? 1 2 sin* ^ 



cf. 



cos'^ 4? COS 0? cos' a? 



APPLICATION OF FIRST DIFFERENTIAL COEFFICIENTS TO 

POLAR EQUATIONS OF CURVES. 

52. If SY (p. 126) be drawn perpendicular to the tan- 
gent at P, SP^r and SY=^p. 

1 dr ^yr^-'p^ 
r ' d6 p 

^ increment of r OQ ^^ OQ , ^ 

For ^ ?^ = t-^t^t; = 'S^-:;:^ (see Errata). 

increment of 6 angle PaSQ OP ^ ^ 

But ultimately OPQ becomes a right-angled triangle simi- 

OQ PV 
lar to FPaS : wherefore --— = 7—- ultimately. 

OP SY -^ 

And Pr=A/^^^^ 



dr \/r* — p^ 
dO"^ p 
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53. 



1 dr\* 1* 



^"~ trfi) '^-'' ^- 



. (i^r 



\ 



rdej 



54. 



If JSP^Oy SP^Ty and the arc JP^s, 



For let PO be an arc described with 
radius SP. 

PQ SP. PQ 



angle POQ PO " 

PQ PS r 
PO'^SY'p 



and ultimately 




Hence —- = — = r . - = a/\^ + I -r^ l / • 
55. If « be the area of the spiral ASPy 

dO « 

For the increment of the area ASP is ultimately equal 
to the sector A OP, and the sector is (Book in. Prop. 17.) 

^SP.PO^^SP^y^ angle PSQy 

because arc PO=^SPx angle PSQ. 

increment of u 



Hence 



^ r' X increment of 



s 1 ultimately, 



increment of u 
increment of 



s ^ r^ ultimately. 



du 
whence — - = i r*. 
d0 ^ 
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66. By Art. 53^ the equation between r and being 
given, the equation between r and p may be found. 

Examples. To find the equation between p and r in 
the ellipse about the focus. 

The equation to the ellipse between r and 6 is 

— ;: (Art. 44, B. i) ; whence ae cos 0=1—-—: 

a + ae cos ^ Jr 

1 a + ae cos , \ dr ae sin 

Idr ae /ldr\* a»e' . 

c?^r^ a^e^r^ cos^ 6 



r = 






= -1 + 



6' 



hence p^ = 



6^ 6^' 
(because a^^ - a' = - 6'), 



1 /dr\ 



1 (dr\^ 2ar " r^ ^a — r 
1 + 
r' 



The equation to the hyperbola about the focus is 

p2 = . 

2a + r 

The equation to the ellipse about the centre is 

, ^ a'b» 

The equation to the equiangular spiral is 

p = ar» 



128 



THE DIFFERENTIAL CALCULUS. 




57. Ify at two points in any curve, normals be drawn 
intersecting each other, and if these two points ^ 
approach and ultimately coincide ; the normal, 
intercepted by the intersection, is ultimately 
the radius of curvature. 

Let A, B be two points in the curve; 
ADy BD tangents meeting in D ; AH^ BH, 
perpendiculars to the tangents; BG perpen- 
dicular to the chord AB^ meeting AH in G. 

Since ABG^ DBH are both right angles, 
the angles ABD, GBH are equal ; also BAD 
is equal to BGA or BGH ; therefore the 
triangles ADB^ GBH are similar. Therefore 

HB : GH :: BD : DA. 

But ultimately SD, DA are equal (B. 11. Prop. 13, Cor. 2). 
Hence GH^ HB are ultimately equal; but HBj HA are 
ultimately equal; therefore GH^ HA are ultimately equal; 
and H is ultimately the bisection of AG. But ultimately 
AG is equal to AIj the diameter of curvature ; therefore 
ultimately H coincides with O, the centre of curvature, and 
the normal AH is ultimately the radius of curvature. 

58. To find the radius of curvature of a spiral. 

Let P, Q be two points, PY^ QZ the tangents, PO, QO 
the normals; therefore PO is 
ultimately the radius of curva- 
ture. 

Let SY, SZ be perpendi- 
cular on the tangents PY, QZ ; 
and let SY^ QZ meet in X. 
Then it is easily seen that Z2C 
or SZ — SJ^ is ultimately equal 
to SZ - aST, that is, to the in- 
crement of SY. And if XP meet ZQ in (7, since PO, QO 
are perpendicular to XP^ ZQj the angle XUZ is equal to 
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POQ. And the angles UXZ, UZX are ultimately right 
angles, as are the angles OPQ, OQP. Hence the figures 
llJrZ, OPQ are ultimately similar. 

Wherefore — — = —- - ultimately. 
UX OP ^ 

PY QT 

But —^ = -— — - , ultimately, ST being equal to SP. 

> 
A, ^^ 1-1 

Also -— . = 1 ultimately. 
Hence, compounding, — — = -— ultimately. 

Hence -— - = -;rr=: ultimately. 
QT OP ^ 

^ ZJC increment of SF dp _ . _ 

But — -— = ; T---- = -~ ultimately. 

QT increment of aSP dr ^ 

dp r _ 1 1 dp 

Hence -— - = —— ; and ---- =-,-—. 
dr OP OP r dr 

Hence OP is known. 

59. To find the chord of curvature passing through 
the pole. 

Let O be the centre of curvature, and draw OM perpen- 
dicular upon SP. Then PM is half the chord of curvature. 

SY 

And by similar triangles 0PM, PSY, PM ^ FB'^^5 

SP 

I r 1 1 dp 

hence zrrz = ~ • "ttt, = — t" » 
PM p OP pdr 

whence ^PM, (PVj) the chord of curvature, is known. 

I 
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60. Examples. 

In the parabola, vf^^aTy — i- = -; hence chord of 

par r 

,. - r rl 

curvature = 4r ; radius of currature = 2r . - = — r . 

p a* 

In the ellipse about the centre, p* = — — — — -^ ; 

2 dp ^r ^ , sra^ + ft*-!^) ^€?V 
pTr'^J^^^Vrr?'^-^-^^^'- r -^'^ 

radius of curvature = - — - — = — r— - 

p pV p» 

In the equiangular spiral, p^mr^ 

I dp I 
pdr r' 

chord of curvature = 2r, 

r« r 
radius of curvature = — = — . 

p m 

APPLICATION OF DIFFERENTIALS TO THE DIRECT PROBLEM 

OF CENTRAL FORCES. 

61. To find the force by which a body may move in 
any curve defined by an equation between the ray and the 
perpendicular upon the tangent (the force tending to the 
pole). 

If ^ be the area described in a unit of time, we have 
(B. IV. Prop. 6.) 

Sj^ 4 J* dp 

force = = — n>v Art. 50), 

SV^PV p* dr ^^ ^ 

62. To compare the velocity in the curve with the 
velocity in a circle at the same distance. 
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If F, U be the velocities, it has been shewn (B. iv. 
Prop. 19,) that 

F* : U^ :: PV : 2SP 

1 2 



SP PV 

1 1 dp 

• • • — 

r p dr 

63. To compare the angular velocity of SP and SY. 

The angular velocity of SY is always equal to the angular 
velocity of PY^ (diagram, p. 128,) because SY is perpendi- 
cular to PY. And the angular velocities of *SP, PY are 
in the ultimate ratio of the angles PSQ, XUZ, 

Hence, 
angular velocity of SP : angular velocity of SY 

PT XZ 



SP ' UX 
UX XZ 



ultimately 



ultimately 



SP PT 

PY XZ QT 
' SP QT ' Pf 

[ . QT PY\ 

since -~— = — — I 

V PT SY) 

PY XZ PY 



ultimately 






SP' QT ' S¥ 

SY increment of SY 
SP ' increment of SP 

P dp, 
r ' dr' 
12 
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64. Example. Compare the angular velocity of the 
ray and the perpendicular on the tangent, in the ellipse about 
the centre. 

^ a* 6* 2 dp 2r 

p 



^"a« + ft8-r«' p' dr a» + fe*-r«* 



Hence, ang. vel. of r : ang. vel. of p :: - : -^ — — — -^ 

:: a* + 6* - r* : r\ 

65. In this example, the angular velocities of r and p 
arc equal when a* + 6* - r^ = r*, or r* = ^ (a* + 6*). 

At this point the angular distance of p and r is a 
maximum. 

At the same point the tangent makes the smallest angle 
with the radius. 

66. In any curve, to find when the velocity increases 
fastest. 

The velocity increases fastest, when the resolved part of 
the force in the direction of the tangent is a maximum : that 

is, if F be the force, when F ^ is a maximum. 

r 

&J. Example. In the ellipse about the centre, to find 
when the velocity increases fastest. 

In this case F= /mr, 

fir = max., r«-p« = max., 2r^— — « o, 

r (a* + 6* - r*)* 

68. To find when the particentric velocity is greatest. 

The paracentric velocity is the velocity towards the 
centre. 
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2j 

The velocity at any point is — ; and resolving this in 

P ' 

the direction of the ray, the paracentric velocity ^2A- 



And this is to be a maximum. 



P' 



IS a maximum : therefore, — — is a max. : 

i> P' 

r* 1 
therefore, r is a max. : 

P P^ 

, - 2r 4r* dp 2 dp 

therefore, — . ^ + -- . -^«0: 

p* p'^ dr p^ dr 

dp 
therefore, rp- (2f* - p) —- = o. 

dr 

69. To find when the angular velocity increases fastest. 

If w be the angular velocity ; 

2A 
by B. IV. Prop. 20, w ■= — ^ ; 



Hence, 



r 
dw 4iA dr 



dt 7» ' dt" 

dr 
But - -^ is the paracentric velocity ; and therefore, 

^.As/r'-p^ , , ^ 
« ^--- — ^, by Art. 68 : 

dw 8J2\/r^^ 
^'"''' d7" — ^ — • 

This is the rate of increase; and the angular velocity 
increases fastest when this is a maximum ; that is, when 

— r—r IS a max., or when -7-7 — r~7 is a max. 
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70. Example. To find when the angular velocity in 
the parabola increases fastest. Here p* = or. Hence, 

1 1 ' 6 7 7a 

max., r-^ + — - = 0, r = -— . 



71. To find the relation of the difierentials of space, 
velocity, and time of motion, when a body moves in a straight 
line to a centre of force. 

In this case, if /, v, t, a; be the force, velocity, time, 

d 17 dt) 

and space described, d = — , /= — , by Prop. 10, Cor. 1, 

ut az 

and Prop. 11, Cor. 1, of B. 11. Hence, multiplying crosswise, 

dw dv dv dcD 
dt dt dw dt ' 

whence f=zv--—. 
•^ d.v 

Hence / being known in terms of a?, we find v by 

integration. And v being known, we can find / by 

doD 
integration from the equation v = —. 

Cut 



application of highek differential coefficients 

to rectangular curves. 

72. When in moving along a curve the ordinate con- 
stantly increases, and the angle which the tangent to the curve 
snakes with the abscissa constantly decreases, the curve is 
concave to the line of abscissa, as from P to B* 

When the ordinate increases, and the angle of the curve 
also increases,^ the curve is convex to the line of abscissas, as 
from A to P. 
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When the ordinate decreases, if the angle of the curve 
decrease the curve is convex^ as from Q to C; if the angle 
of the tangent increase the curve is concave^ as from B to Q. 

73. A point whence the 
curve passes from convex to 
concave, or the reverse, is a 
point of contrary JlewurCy as at 

^. . . _ - d'^y 

74. At a point of contrary flexure, _— = 0. 

For the angle of the curve decreases to the point of 
contrary flexure, and increases afterwards, (or the reverse). 
Therefore the trigonometrical tangent of the angle of the curve 
decreases to that point, and afterwards increases (or the re- 
verse) ; for in angles less than a right angle the tangent 
increases and decreases when the angle does. Therefore this 
tangent is at that point a minimum (or a maximum). But 

this tangent is — : therefore at a point of contrary flexure — 

is a minimum (or a maximum). (Art. 33,) Therefore the 

differential coefficient of ~— is at this point. (Art. $5.) That 

is at a point of contrary flexure -— = 0. (Art. 22.) 



76. 



The radius of curvature of any curve is 



{■ * m 



dx^ 

Let AM^ MP be .t, y, the 
abscissa and ordinate ; Q a point 
near P, and AN its ordinate = <a7'; 
PiT, QL two normals intersect- 
ing in O ; the angle PKA = 0, 




-x-s 
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QLA^ff. With centre O and radius OP, describe a circular 
arc Pq^ meeting OQ; 

^ = POQ = KOL = QLA - PKA. 

Hence PO = — ^? = /^ . ^. 

QLA -PKA OLA 'PKA PR 

But Pi2, Pg are ultimately equal, each being ultimately 
equal to PQ^ because the tangent at P is common to both. 

PR 

Hence limit of PO = limit of 



Q,LA - PKA ' 



PR y ., . Pi? 

bmit of 



limit of 



QLJ - PKA ,. . ^ QLA - PJT^ 
— — limit of 

MN MN 



Now limit of ^={n.(g)]*. (Art 39. 



) 



^ , .. . QLA-PKA ff-e d9 
And limit of -— — = limit of — = — . 

MN X —x dof 

^ ^ dy ^ dB da^ 

But tan0---j whence _.. (Art. 49.) 



{-(S)T 



Hence PO = - ? the rad. curv. (Art. 57.) 

dojf^ 

The radius of curvature, as given by this formula, is 
positive when the curve is concave to the axis, and negative 
when the curve is convex. 



■ »ji ■ •■■ II inia v^^^w^v^^v-*^ r •■•■■ '— ■ «i k ' ^1 ^'^ ' ^ '^»— w — ■ "^^i ^F*^^^— «^^^— ' ' »^m h 4 4 jv^^-^ww^^^vwi^vTrnpi^ 
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APPLICATION OF THE DIFFERENTIAL CALCULUS TO EXPAN- 
SIONS, INCLUDING DIFFERENTIATION OF EXPONENTIAL 
FUNCTIONS AND RESOLUTION OF TRINOMIALS INTO 
FACTORS. 

76. A function of algebraical quantities is ewpanded^ 
when the expressions of calculations to be performed upon 
compound quantities are replaced by equivalent expressions 
of calculations performed upon simpler quantities, forming a 
series of terms arranged according to the indices with which 
one or more of the quantities are affected. 

77- If y be a function of a?, and if j? + ^ be put for ^r, 
and the function expanded according to the integral powers 
of h, the coefficient of the simple power of h is the differential 
coefficient of y. 

Let k be the increment which y receives when a? becomes 
w + h; and let the expansion according to powers of h be 
N+ Ph + Qh^ + RhJ'^^c. 

Therefore y -^ k =^ N + Ph + Qh"" + Rh^ ^ he. 

But since the expansion is equivalent to the function, for 
all values, let ^ = 0, whence k = and y = N, 

Hence, k = Ph + Qh^ + Rh^ + &c. 

k 

-^P+Qh + Rh^-\- &c. 

h 

And when hy the increment of <r, vanishes, this equation 

becomes --— = P, the coefficient of h. 
ax 



78. If y = a*, and if ^ = a - 1 - :^a - f + ^o— r - &c. 

— — = a A» 
dx 
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For let w become a? + A, and y become y + A; ; then 
y + A; = a'+* ^a"" .a^ 



= o'(l +0-1)* 



h.h-X o A.A-lA-2 



= aMl+A.a-H-— ^ a-I* + — ^ o-l +&c.} 

* 1.2 1.2.3 ^ 



_, -A. A— 1 ^.A — l.A — 2 „ _ ,.,. 

iiiXpand , , &c. by multiplica- 

tion; and it is evident that the last terms of these products 

wm be - * /- , and so on : and the other tern,s will involve 

2 3' 

A', A*, &c. Hence 

y + A; = o'{n-^(a-l-^a-lV^a-l'-&c) + QA*^-&c.) 
= a* + a' Ah + a'QA* + &c. 

Subtracting from this, y = a', and dividing by ft, 

k 

--^a'A ^^ a'Q,h->t &c. 

ft 

And when the increment of x vanishes, this becomes 

^ = c^A. 
ax 

79. If 07 = o^, y is the logarithm of <r to the 6a«6 a, 
and is denoted thus, y = log^, or y = l^. 

80. If y = log^, a the base, and A as before; 

Since y = log tr, a? = a^, and hence if y were the inde- 
pendent variable, —^Aa^^Ax. Hence by Art. 45, 

dy^^ _L 
dx Ax 
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81. If there be two expansions of the same function 
of 47, according to powers of w : namely, 

and n + pw 4- qoff^ + rai^ + &c., 
then iV = w, P = P9 Q- Qy R-r^ &c. 

For since the two series are expansions of the same func- 
tion, they are equal for all values of w. Therefore their 
limits when w vanishes are equal ; that is, N^n. 

But taking away the equals N^ n the remainders are 
equal. Dividing these by w, they become 

P+ Qw-h Rof* + &c., 
p -\- qof -{- rar + &c., 

which are equal for all values of w. 

Therefore the limits are equal as before, or P = p. 

Similarly taking away P and p^ we prove Q and q equal ; 
and so on. 

. To expand a* according to powers of w. 

Let ar^N + Paf + Qa!^ + Rx^ + &c. 
Hence (Art. 78.) u4a' « P + 2 Qo? + SRa^ + &c. 
But Ja* = AN + APw + AQa^ + &c. 

Hence (Art. 81.) P^AN; 2Q^AP = A^N, Q=— ; 

2 

SR^AQ= , i? = ; 

2 2.3 

and so on. Also making a? = 0, JNr=a°=l. 

Ax A^ar J?c^ 

Hence a* = i + 1- 1- + &c. 

1 1,2 1.2.3 



82 
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83. Let e be the value of a^ for which A ^ 1: then 

SB of X^ 

«* = ! + - + + + &c. ; and making a? = 1, 

1 1.2 1.2.3 ® 

e = 1 + 1 + + + &c. = 2.71828, &c. 

1.2 1.2.3 

But putting -^ for x in the expansion of a% we have 

a^ = 1 + 1 + + + &c. 

1.2 1.2.3 

Hence e = a^, e^ = a. 

Hence (Art. 79) A is the logarithm of a to base e. 

The logarithms to base e are called natural logarithms 
(formerly hyperbolic^ or. Napierian logarithms). 

The natural logarithm of x may be denoted thus, I Xy 
the logarithm to any base a being denoted thus, log x. Thus 

84. The function log^p cannot be expanded according 
to powers of <v, with finite coefficients. 

For if posible, let logcT = JV + Px + Qa;* + &c. 

And since this must be true for all values of Xj let x = 0. 
Therefore log = iV : therefore a^ = ; which is only possible 
by supposing N to be an infinite negative quantity. Therefore 
the function cannot be expanded in this form. 

86. To expand log (l + a?) according to powers of x. 
Let log (1 + 0?) = iV+ Pa? + Q^ + Rar^ + &c. 

Differentiating (Art. 80.) —7 = P + 2 Qa? + 3Rx^+ &c. 

A (1 + X) 

^ 1 I X x^ 

But = --:--;: + ~ - &C. 

A(l+x) A A A 
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Hence i^ = -:; 2Q = - -^ , Q = - — ; 

A A 2-4 

SR^-. R= —:; &c. 

A SA 

Also in the original equation, making a? = 0, log 1 = JNT. 
Whence 1 = a^, which is only true if JV = 0. 

Hence log (l + a?) = — <^^ + &c. > 

^^ ^ A\l 2 S j ^ 

If 1 represent the natural logarithms, since for these 

1 (1 + <r) = -I- &c. 

86. (Maclaurin's Theorem.) If y be any function 
of Wy and if 

^ ^ fy ^^ 

dw^ diV^^ daP^ 
become F, Fj, Fg, F3, &c. by making a? = 0; then 

u — F+ — ^ + — —a? -\ ar* — &c. 

1 1,2 1.2.3 

For let y^N^Px^- Qw^ + Rai^ + &c. ; 

dy 
whence -^ = P + 2 Qo? + SRw^ + &c. 
dw 

d^V 

— ^ = 1 . 2 Q + 2 . 3 fia? + &c. 

aar 

-~ = 1 . 2 . 3 iz + &c. 

aar 
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And making a? = 0, in each of these equations 

r = -y. 

Fa = 1 . 2 . 3 if, 
&c. ; 
whence the proposition is manifest. 

87' For example, to expand sin <r, 

<2.sina7 cf^sin^v . d^sin^ d^sinir 

^ascos^; — — g— =— sm/r, = — cos^, -=sinay, 

duD dec dcir dx 

— ^ = COS 07; and so on; whence, making ^ = 0. 

F=0, Fi=l, Fg = 0, F8 = -l, F^^O, F5 = l; and so on. 
And by the last Article, 

sm d? = Of h &c. 

1.2.3 1.2.3.4.5 
88. In like manner we should find 

.4 



COS X ^\ + &c. 

1.2 1.2 .3.4 

89. If in Article 83, we put wy/ -\ for a?, we have 



a^^V^-l 0?* dfy/'-X 



e*^-i = l + a?V-l ^1 + + — Z- &c. 

1.2 1.2.3 1.2.3.4 1.2.3.4.5 

= COS «r + v- 1 sin iT, by the last two articles. 
In the same manner c-'^^^= cos x - v^-i sin w. 



90. Hence if %^ cos x+y/ - 1 sin <r, - = cos a? - \/— i sin a?. 



and «r4--=2cos^, % — =2 \/-l sin a?. 
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91. In the same manner, 

gimarVTi «. qq^ iw<r ± V — 1 siu mw. 

Hence « being as before, z" = cos mx -h \/ —I sinm.v, 

1 /— . 1 
—- = cos m^ - V - 1 sm wia?, %^ -\ = 2 cos mw. 

92. To resolve jj?^*" — ^px"" + 1 into quadratic divisors, 
p being less than 1. 

Let p = cos0; and let j^f^** - 2cos0.af*"+ 1=0; therefore 
«^ H = 2 cos 0. Hence if cos = cos m/v. % is the same 

quantity as in Articles 90, 91 : wherefore «r + - = 2 cos a?, 

«^ — 2 cos w . z + 1 = 0. And since the quadratic factor 
i^ — 2 cos Off , X '\- 1 vanishes for the same value of z as 
5?2« - 2p«?"* + 1, the former is a divisor of the latter*. And 
this is the case if cosmtV = cos0. 

« 

Since 



cos = cos 2 TT — = cos 2 TT + d = COS 4 TT — = COS 4 TT + 0, &C. 

Of has various values. We shall have cos map = cos 0, if 
mo? ss 2w7r =t 0, n being any whole number; 

2n7r^0 



whence w = 



m 



The two different signs +, -, give no different values 
of cos zp; but the different values of w, namely 0, 1, 2, as far 
as f» - 1, give as many different values of cos a?, after which 
the values recur. 

• Let ««-2cosdf. j»+l divide «*"-2p«» + l, with a quotient Q and a 
remainder A, which will be of the form az-^b^ as is easily seen. Then 

«*" -2pj!r+l = Q(«*-2 cos a?. « + 1) + fl. 
Put for z the value which makes both the trinomials vanish, and we have 
= + /?; whence U is 0, and the quadratic factor divides af*"-2p5f*+l without 
a remainder. 
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For example, if n^m-hl^ 



cos a? = cos = cos ( 2 tt + 

m 



f 27r±fl\ 27r±0 

[^ir-^- 1 =cos ; 

\ m ) n 



which is the same value as when n = 1 : and similarly for 
other values. 

93. Example. To find the quadratic factors of 

In this case cosd = ^, = — , the values of a? are — , 

— , ; and the quadratic factors are 

9 9 

sr — 9, cos — . jjf H- 1, «r + 2 cos — . « + 1, str -\- 2 cos — . « + 1. 
9 9 9 

94. To resolve %* — 1 into quadratic factors. Squaring 

the expression, it becomes ss^ — 2x^ + 1, which has the same 

quadratic factors as the given expression, each recurring twice 

over. But the quadratic factors of %^^ -2x^ + 1 may be 

found by Art. 92 ; 9 being here = ; since cos 0=1. Hence 

27r 4 TT 
the values of a? are 0, — , — , and so on. And the quad- 

m m 

ratic factors are included in the formula 

o 2W7r 

^ — 2 COS . » + 1 . 

m 

If m be even, n may have all values from to — inclusive. 

This gives two factors, a?^ - 2» - 1, and it^ -^ 2% + 1 \ or 
(% - 1)* and (% + 1)* ; but in these, » - 1 and iJf + 1 only are 
factors of af" — 1 ; and «* - 1 is the quadratic factor which 
contains these two. 

If m be odd, n may have all values from to 

inclusive. In this case the first and last quadratic expressions 
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are z^ - Qz -\- 1, and «*-2cos tt.^+I; or («f-l)% 

m 

and «* + 2 cos — .z + l. Of these z -- 1 occurs only as a 

^mple factor. 

95. Examples. To find the quadratic factors of ;if* - 1. 
The quadratic factors are «® — 1, «*-»+!, si^ + z + 1. 

For the values of cos a? are cos --— and cos — • or cos — 

6 6 3 

and cos — ; which are - and — . 
3 2 2 

To find the quadratic factors of »* - 1, 
The quadratic factors are 

« - 1, «* — 2cos — .«+l, iT + 2cos — .« + !• 
' 5 5 

For cos — =a — cos — . 
5 5 

96. lu nearly the same manner we may shew that the 
general formula for the quadratic sectors of i^r"* + I9 is 

2%+ 1 TT 

«* — 2 cos . ;?? H- 1 ; 

m 

171 

When m is even, n being taken from to — inclusive, 
gives two superabundant simple factors. 

And when m is odd, n being taken from to in- 
clusive, gives one superabundant simple factor. 

97* (Tayloe's Theoeem.) If y be any function of a?, 
and if w become w + hf y becomes 

dy h (Py h^ dPy A® 
^ dof 1 da^ 1.2 dar^ 1.2.3 

K 
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Let w -^ h^ w\ and when ,v becomes ^' let y become y\ 
Then by Art. 66^ since y' is a function of A, 

y' = F+ K,A + F, -^ + Fs-^ + &c. 

1.2 1.2.3 

Where F, F„ F., Y„ &c. are what y, —„ —,, ~^, 
&c. become by making A = 0. Hence F=y. 

But since h only is supposed to vary in «r + A or as\ it 

is evident that — -- is the same with — j. And since y is 

dh doD 

df/ 
the same function of a/ that y is of a?, — ^ is the same 

dw 

function of a?' or ^ + A, that — — is of w. Hence — ^, when 

dw dor 

dy 
h is 0, (that is, Fj), is the same function of w which — ^ 

is of <2? : that is, Fi = -— . 



By exactly the same reasoning it would appear that 

da?* ' dafl 



I^2 = -r4, I^3=-r^, &c. Whence 



dy ^ dJ'y W d^y h^ 

98. In the same manner if x become ^ * A, and y be- 
come y^, 

dy , (fy A' d^y A' 
^' ^ dw dw' 1.2 da^ 1.2.3 

99. If we have a series proceeding according to integral 
positive powers of A, the coefficients of all the terms being 
always finite; any term may be made greater than all those 
that follow by diminishing h. 



■«-^ 
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Let Nhr + PA"+* + QA"+* + «*"+' + &c. be any part of 

a series: and let S be the greatest of all the coefficients 

P, Q, Rj &c. Therefore P + QA + iJA^ + &c. is less than 

S 

S + Sh + aSA* + &c. : that is- less than . 

1 -A 

Now NA* will be greater than all the terms which follow, 
namely, PA»+^ + QA»+^ + i?A»+«+ &c. if N be greater than 
PA+ QA* + iJA' + &c. ; and still more, if N be greater than 

iS A + Sh^ + aJA' h- &c. ; that is, greater than . 

1 — A 

Therefore JVA* will be greater than all the following 
terms : 

if N be greater than , 

1 — A 

if JV — JVA be greater than Shy 

N 



if A be less than 



N+S 



100. If 2^ be a function of Wj and if w have such a value 

dy 
that — — = 0, the function y is a maximum or minimum ac- 
aai 

(pp , 
cording as -— is negative or positive. 

Let 07, y, be the values for which --— = 0, and let <a? - A, 

aw 

^ + A be two other values, preceding and succeeding a, 

dy 
Then by Taylor's Theorem (Arts. 97, 98.), since -~ = 0, 

007 

^y A« cPy A« 
^* ^ da?« 1.2 da^ l.Z.S 

^y A« cPy A« 

^ ^ d;^ 1.2 d{3^ 1.2.3 

k2 



I 
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And by assuming h suiBciently small, the term involving 
li? in each of these series may be made greater than the sum 

of all which follow. Hence if — —r be positive, both y,, and t/ 

dor * 

(for iff ^h, w '\- h, and all intermediate values) will be greater 

dw' 
tive^ both y^^ and y', and all intermediate values, will be less 

than y^ and y will be a maximum. 



than y; that is, y will be a minimum. And if -j—^ be nega- 



101. If y be a function of a?, and if the value of w which 

dy _ d^y 

makes -^ = 0, makes also -— r = 0, y is neither a maximum 
dw dor 

d^y 
nor a minimum ; except this value make also --— « 0, in which 

dear 

d^y . 

case y IS a maximum or mmimum as -7— is negative or posi- 
tive. 

^ . dy d^y - . , ^ 

For since -;- , -r-z are both ; by Arts. 97, 98> 

dPy h^ 

^^-^'d^'YT^s^^'' 
J ^y h^ . 

^ ^ da^ 1.2.3 

of which, when h is very small, one is greater and one less 

d^y 
than y, whether -— be positive or negative. 

But if —4 = also, 
dor 

d'y A* 

y* = y + -7-7 • &c. 

^' ^ dw* 1.2.3.4, 

d'y A* 
y = y + ^—7 . + &c. 
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which, when h is very small, are both greater than y when 
-— - is positive, and both less than y when — ^ is neirative. 

And in like manner it may be shewn generally, that if 
several of the successive differential coefficients, beginning with 
the first, vanish ; if the first which does not vanish be an odd 
one (as the third, fifth, &c.) the function will be neither a 
maximum nor a minimum. But if the first differential co- 
efficient which does not vanish be an even one, the function 
will be a maximum if this coefficient is a negative quantity, 
and a minimum if it is a positive quantity. 

102. At any point of a curve, the first and second differ- 
ential coefficients have the same value in the curve, and in the 
circle of curvature. 

* dy 

In the diagram, p. Il6, if MN^h^ OR will be -7- A, 

dw 

both in the circle and in the curve. 
Also, by Taylor'^s Theorem, 

NO- ^ A ^ *' ^^ ft^ 
" dx' da^'l.2 d^'l.S^S 

dy 
and NR = y + -^ • A, 

dw 

whence QR « - -r-r . -— ^ . &c. 

da^ 1.2 dai^ 1.2.3 

But the circle of curvature ultimately coincides with the 
circle which touches PR and passes through Q. Hence the 
subtense of the circle of curvature at the point R is ulti- 
mately equal to QR. But if y be the ordinate of the circle 
corresponding to the abscissa J7 + A, the subtense will be, by 
the same reasoning as above, 

O'y h^ cPy A' 



dai^' 1.2 dw^' 1.2.3 



" &c. 
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Henee tbeK two series are equal; whence 

^ + ^ * &c = ^? *^^ - 
da^ da^' 3 ' dj^ da^' 3 

And as this is true whatever be A, we must have 

^- ^ 
da?* " da?* ' 

103. The curve is convex or concave to the axis, as -7-^ 
is positive or negative. 

For if the curve be convex, R is above Q, and RQ is 
positive, that is, 

— . + • — - . + &C. 

daf^ 1 .2 dai^ 1.2.3 

is positive. And since this is true however small be A, --^ 

dx' 

is positive. And in like manner if the curve be concave to 

d?y 
the axis, - — is negative. 
dar 

(Py 

104. Hence at a point of contrary flexure, — -; = ; as 

dar 

has been proved already. 



BOOK VI. 
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THE RULES OF INTEGRATION. 

dy 

1. If y, «, be functions of a?, such that -r- = P5 y is 

aw 

the Integral of jp. 

2. This relation is denoted thus; 

y^fsPj or J^ = fpdw, 

3. The fntegral CalculiLS is a system of rules and pro- 
cesses, the object of which is to find the integrals of any 
functions. 

4. The fundamental rules of integration are derived 
from the rules of differentiation. 



^IH + l 



If y = 5 we have — = a?" ; 

m + 1 dw 



^y 



therefore ^ a?"* = 



^«+i 



7W + 1 



5. If y = — =- {a + 6,a?")«+» ; JL ^ {a -^ 6a?")* ^""-^ 
m . w + 1 6 »^ 

therefore j],(a + hx^y of^^ = — ' (a + 6a?'»)"+^ 

#».n + 1 6 

a If dy . 

D. it y = — cos ir, -— = sm <r ; 

therefore ji sin a? = - cos .r. 
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7. If y = sin-*^, — = . ; 

»^ V 1 —a;* 

therefore / . r =» sin"^^. 



similarly / . = cos"^ j?. 



dy 1 
8. If y = tan-^o?, --- = -; 



therefore / 1 = tan"* a?. 



9. Ifi^ = U, ^ = ^; 



f -= 1 






1 c^v 

10. If y = r-«% T^ = «'i 



1 



therefore La' = y~ ^ 

{a 

11. If y^cp^ when p is any function of ^> 

« 

dy dp 
dtV dw 

therefore fc-r-^c / -^~ • 
•/, 007 -/, dw 

12, If y == p + Cy when /> is any function of a?,, 

therefore f^-s=p + c» 
Jgdoi 



^m^mni^i^tmmmmmmitmmamtmmm^mmmmmmr'-mmmm^m^^f^mi^mmmnmi^m^^i^mfmm'm^^mm^^^'m 
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The quantity c is the correction of the integral, or the 
arbitrary constant; it is to be determined in each case from 
the circumstances of the problem. 

13. Examples : 

I ^ X = , by Art. 4. 

/I' 
—y = 2 \/<r, by Art. 4. 

( x\/\ +,»* = - (1 + ^^)*> by Art. 5. 

14. If p be any function of ^, it may be proved in 
like manner that 

. dp p™+* 

I.r—-- — 



dw m -^-l 
f dp 1 

Lsm «.---=:- cos p. 
■'da? 



f-±- 



^P ..^ r ^ ^P -1 

-— = sm ^p; /, 7- -i- = cos *p. 



dp 
2 TZ = tan""*p. 



1 dp 



JaP dtV 

a J? 1 a 
fAp + g + &c.) ^ faP-^ frq + &c. 



1 
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15. Examples : 



fl 



1 . -StT 1 g-TT 

Sin — = — cos — 



w , . . , 



/ , = i sin"^ 0? 



.4 2 



v/l — a? 

•^ 2 la 

16. In some cases a transformation is requisite. 

2a ^ ^ ^ "^ ^* 2a a-^ 



f-l i-dJ L_\ 



2a ^ ^ ^ "^ ^^ 2a ct? + a 



r 1 _ 1 r 1^ 1 _ 1 



- = -tan"' -. 

a 



THE INT£6BAL CALCULUS. 155 









•( A/ra)« - an J. 



^(a^ - o«) + 



x 



17. To find f-y^ -^^. 

Let a? + a = «r, 2a<r + a?^ «= ^ - aj®, — =1, 

= 1 {^ + \/(^ - «0} 5 by last Article, 
In like manner we may find 



CD 



-— = cos"*- 
dx a 



becomes / --— 



n 



156 THE IVTKGBAL CALCULUS. 



But COS"* - = COS"' a« COS"* ( 1 — 1 , and since the 

a a 



•{-.')■ 



cosine is 1 the versed sine is 

a a 



18. To find [ } . 






X 

— ^ = lt : 



1 + v/(i + «*) ■ 



Jr 1 diJf I 

f 77 -— =s — cos"' « = — cos"* - 
, y^(l -Sir) dx ar 



= - sec"* j?^ 



19. To find f—r, ^- 



Let X -^-m- z, 1 + ^mw + ^ = ijf* + 1 - m^ 



r ' ^ f I 



d% 
dw 
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In nearly the same manner may be found 



r I 



«, 6, c, being positive or negative. 



20. To find 






f ' f ' .1. 

•'*^ V W aw a) 

T 1 b 

Let - + — = » : 

Of 2a 

, 1 dx 1 b c ^ b^ c 

then -=:--— : --+ — + -«af2-._- + -. 

or aw or aw a 4a a 

Hence the integral becomes 

which may be found by Art. l6. 



INTEGRATION OF RATIONAL ALGEBRAICAL FRACTIONS. 

21. By rational algebraical fractions are meant those 
in which the numerators and denominators consist of integral 
powers of the independent variable. They are integrated 
by resolving them into partial fractions, according to the 
factors of the denominator. 

22. Let the factors of the denominator be all unequal. 

If w = 7 V? T^f ^ » *^ ^"^ ^^• 

(a» - a) (a? - h) (a? - c) 
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Resolve u into partial fractions as follows: 



^ A B C 

iiCt u = + + 



x — a w —h m — c 
Hence 

1 = J (<r -fe) (a?-c) + B{w'-a){cD - c) + C(a?-a)(a?-fe). 

Put a for <!i? : therefore 1 == -4 (a - 6) (a - c). 

1 



Hence A = 



(a - 6) (a — c) ' 



similarly S = - —- — , C = 

^ w = J 1 (a? - a) + 5 1 (^ - ft) + C 1 (a? - c). 
23. Let 99» factors of the denominator be equal. 

^^ ^=7 ^^T? — r^^ ^^ fi"^ /*«*• 

(a? - a)"* (a? — 6) 

Let w = — + — - + — - + &c. + 



(a?-a)'» (^-a)'»-i (a?-a)"»-2 ^p-6' 

1 = {A-^-Ai (a; -a) + Aii^ff - ay + &c.\ (a? - 6) + 5 (a? - a)~ 

Differentiating 

= {Ai + 2A2 (a? - a) + &c.} (ct? « 6) + ^ J + Jj (a? - a) 

+ Jj (a? - a)* + &c.} + mB (a? - a)"*"^ 

Differentiating again 

0= {1.2J2 + &c.} (a? -6) + 2 {Ji + 2^2(0? -0) + &c.} 

+ m . (m - 1) 5 (<r - a)*"""^ 
and so on. 

Make a: = a in each of these equations; and we find 

X=J(o-6), 
= ^1 (a - 6) + ^, 
= 1. 2^2 (a - 6) + 2-^1, 
&c. = &c. 



_ \. 
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. . _ -4 _ 1 . 


a •- b 


' -^^ a^b (a^bf 




J ^^ ' 


and so on. 


a-b (a -6)3' 


J 

And [fU ^ 

m — 


1 J^ 1 


1 (a? - a)"*-^ w - 2 (a? - a)*""* 


A 


_.- Arr _L 7? 1 Tr h\ 


m-3 


i \m-<« ^^' + X> 110? — 01. 

(07 - a)"^ ^ ^ 
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24. Let the denominator have two imaginary simple 
factors. 

Let w = — — + 



1 = (J^ + Ji) (ci? - 6) + S (a?* + a*), 
1 « ^a?^ + (-46 - A^ w - A^b + B{af-{- a*). 
Let 07^ + a* = 0, whence ^ = ^ v - 1, 

1 = Aa^ + (^6 - Ji) a a/- 1 - A^b. 

Hence, equating impossible and possible points, 

= ^6-^1, 
l^AaJ'-A^b. 

9 1 h 

Hence 1 = Ja*--46; A = -z — rr, -4i « 



Also 5 = - 



a* — 6^ a* — 6^ 

1 



a^ - 6^* 

a? + 6 



Hence w = -^^ — -j . g . 7 , 



160 THE INTEGRAL CALCULUS. 

a* - b^ \a a w — b J 

25. Let the denominator have several imaginary simple 
factors. 

If w = —r- -; , to find Lu. 

^"^ - 2pa?"» 4-1 •' 

^^ . . . 

To resolve -r ■. — into partial fractions. 

Let ji = cos 0, and = , where n is any whole 

number ; then a?*-2 cos (p.w + 1 is a divisor of ^*-2|>j?" + 1. 
Let a?**" - Spjf* + 1 = Q (o?^ - 2 cos . 0? + 1) ; and let 



J?** 



A{w — cos <p) -^ B P 



d?^"» - 2pa;~ + 1 J7* - 2cos0./i;+ 1 Q 
Hence oT * \A (a?-cos0) + S}Qh- P{^^- 2cos0.a? + l|. 

Let a;^ — 2 cos 0.a? + l =0, whence a7sscos d) + \/ — 1 sin ; 
call this a?'. And let Q' be the value of Q which arises from 
putting w' for a?. 

Then {A ^/"^ sin + 5) Q^ = a?'^ 
But Q (a?^ - 2 cos . 0? + 1) = ^'" - 2pa/^ + 1. 

Differentiate 

dQ 
<i (2<r-2 cos 0) + — (a?«-2 cos 0.^+l)=2fw^2"'-'^-2wpa?*"-^ 

Put ^^ for w ; and we have 

Q' (2a?' - 2 cos 0) = 2 wa?'*"*- * - 2m|>fl?'"'-^ 

^ , tp'"* — p 
Qi « ma? "•'■* — ; • 

0? ^ COS 



f 



mtiim>»'^F9 m ^ i ]i| w ,ii |^i.»i<iwnwwH^ ■■» * ^mmi mmt*t rim u ^tr»w i -TrTrn Bia^H^^wwcr^pil— — w^awy^lilP 
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But d?'« - p = v^ - 1 \/i^p\ y - COS « V - 1 sin 0, 



Q' = mw 



sin 







Hence (^ ^Z - i sin + -B) ma?'"-* ^^-^ — t. = ^'r 

'^ sin0 

J / . . ^ sin d) 

Ay/ -1 sm + 5 = JL- j?^ -'+*-'•'. 

my/i — jt>^ 

But (Book V. Art, 91) 
-p'-«+r+,^^'-(«-r-i)^^Q,(^^.^_jj^_,^/3Ysin(m-r-l)0. 



Substituting this and equating possible and impossible 
partSj 

._ sin (m-r- 1) sin0 . cos (wi-r-l) 

r -^ 1 /^ ^ i X ^ ,^-cos0 

/,w=-I (a?2-2cos0.^ + l)H-;-— -t^n-^— :-— ^+&c. ; 
2 "^ sm sm 

pr jtw=^l/y/(a?'-2cos0.d?+l) 

B , \/(^-2 cos d) .^+1) 

+ -T— - sec-' ^--?i r— 7^^ ^ + &c. 

sin sii) 

und there will be similar terms for each of the diflferent values 
pf 0. 

26. Let u = 7 ;^ — , to find f,u. 

Let « , then a?^ -2 cos . a? + 1 is a factor of {v^- l. 

^ m ^ 

Hence let (a?' =-2 cos • ^ + 1) Q = (a?"* - l) a?*" = 0?"*+'" r- a?% 

L 
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A(af''Cos<l>) + B P 

and let u =» -r f + — ; whence reducinfi: 

ar- 2 cos 0.07+ 1 Q 

1 = {^(^-cos0) + jB}Q + P(j7*-2cos0.a? + 1). 

For a put a ^co8(f} + \/- 1 sin 0, and let Q' be what 
Q becomes by this substitution : hence 

1 = {J V^l sin + 5} Q'. 

To find Q', differentiate the original assumption in Qy 
and we have 

dQ 

2(j?- COS0) Q + (j?^-2cos0.a?+l)-— = i» + ra?^'*"''"'-ra?''"*. 

For ^ put w\ and we have 

2\/- isin 0. Q' = fi» + rj?'~"*"'"*-rj?"^"^ 
or 2\/— 1 sin 0. Q' = m + rcosm + r — 1 - r cosr — 1 



+ V -1 (m -f r sin m+r- 1 0- r sin r -1 0). 

But by what precedes, 

2-v/^sin = {Ay/^lsin + Jff) 2\/^ sin . Q' ; 
whence 
2>y/— 1 sin0 =:-4\/— lsin0(iii + rcosm+r— 10- cosr — 10) 



- -4 sin (w + r sin m + r — 1 — r sin r - 1 0) 



+ jB(w + rcosf»+r-10-rcosr-l0) 
+ B V-1 (m + r sin m + r - 1 - r sin r - 1 0), 
Equating possible parts, we find 



-* ^. .w + rsinw + r — Id)— rsinr — 1<6 
5 e J sm == ^ ^ . 

m +rcosfii+r-10-r cos r - 1 
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Substituting and equating impossible parts, we find 



2 sin = -4 sin {m + r cos «n-r-10 — r cos r — 1 ^ 



(w + »• sin m + r - 1 - r sin r — 1 (py\ 
i» +rcosf» + r — 1 d) - r sinr — 1 A j 



=: ^ sin 



m 



0-rsinr — 10 
- 2 mr + r cos m(f> + r* 



w + rcosiii + r-10-rsinr-l0 



But cos m(f) = cos2n7r = 1 ; hence the numerator of the 
fraction is m^; 



2 



and -4 = — (fin- r cos nn-r-10-r cos r — 1 0), 

HI 

_ 2 sin , . , , , . 

B = --^ (m + rsinm + r-lo-rsmr-l o). 

m* '^ ^ 

Whence fgU may be found as in last Article. 

REDUCTION OF BINOMIAL INTEGRALS. 

The integrals here spoken of are of the form 

They are found by reducing the indices m and p. 

27. To find /, (a« + w")* x\ 
Assume 

dP , 

— ^= (a' + w^)i$^ + (a« + j?«)« (n - 1) ^-« 
dw 

= (n + 2) (a^ + a;«)J^ + (» - 1) a« («« + ^)iar»-». 

Integrating, 

P.-i = (n + 2) f7, + (n - 1) a' f7,.8, 

1 (/^ - 1) a* 

» + 2 W + 2 

L2 
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Hence patting Talues for m, 

7 7 

^ 1 ^ 6a* ^ 6.4a* ^ 6 . 4 . 2 . «• „ 

fJ^^-Ps P* + ^t f^i- 

9 9.7 9.7.5 9.7.5 

Also 

Henoe 

' l7 9-7 97. 5 9.7.5.S | 

28. To find /,(«»- o»)f. 
Let U, -/, («* - <0". Assume P. = («» - o^" «. 

dtP 

= (2« + 1) (.1?* - a*)" + 2«a* («* - a»)— *. 

Integrating, 

P,= (2n+l)r7. + 2na«f7,.,. 
Hence 

2n+ 1 2n + l 



■ ■■*j 
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Therefore 



1 9a* 

-ft- — 

10 ' 10 



Ul-T::Pi-^—Ui 



1 7a* 

1 5o* 

1 3a* 

1 a* ,^ 

Hence 



I " " 2 « 2 

r 



» 10 « 10.8^^10.8.6^ 10.8.6.4^ 

9.7-5. 3g' 9.7.5.80"' ^ ^ 

"*" 10.8.6.4.2 * 10.8.6.4.2 "'' 
But 

Hence the integral is known* 

Jr 1 
f — -- • Suppose this = CT^. 



Assume P„-i = 



Hence 



(1 + a?*)"-' a? 

dx {\ ^ al'Y'^ of" " (1 + a?T 

1 2 (m - 1) (1+ ^ - 1) 

(1 + apy-^ 0^ " (1 + ^r ^ 

(2w - 1) -2m- 2 

"^ " (TT^pv ■*■ (1 + 0^)* ^*' 
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Integrating, P,.i = - (2i» - 1) f7«_i + (2m - 2) J7, 

1 2w» " 1 i^T- 

29i» -2 2m - 2 

We may by this formula reduce the integral to Ui. 



1 

= tan "* w 



Whence U. is found. 



^' ^°'"**X^v^ 



Assume iV-i— -'^^ — —-; — ^. 



rfP^.i 3 (m - 1) V^(l -h a;») 

da? 2ar-»y'(l +a^) a?* 

3 m— 1 m - I 



""2fl;~-»V'(l +^) ^^^^(H-j^ ar-« v^(l + a?») 

m - 1 2m - 5 

■"i^TOT^ ""2ai^-»V^(l+ar»)' 

2m— 5 
Integrating, P..^ = - (m - l) 17„ — f7«.s ; 



^* m-l ^"-^ 2m -2^*"' 
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1 15 

Hence, Uiq « — Pg Uj; 

9 18 

31, The rule for the assumption in such cases as those 
of the four preceding articles may be thus stated. 

To reduce the integral f,(a+baf^ya^~^. 

Assume P^^a^ baf'y'^^ ^v" in all cases ; except 

(1) If 911 is to be reduced dowfif assume 

(2) If p is to be reduced dotvny assume 

Pp = (a + 6a;*y a?». 

The index is reduced down, when being positive it is 
diminished or being negative it is increased. It is reduced 
up in the contrary cases, as n in Arts. 27 and 28. 

32. -Such integrals may also be found by substitutions 
which make them rational. 

— TTT ;r • Assume ^(l -^ a^ szz. 

.^V^(l+^') ^^ ^ 

, , 3 3z^ dz 

Hence, or = ar - 1, - = — . — - 

w ar - 1 dof 

Jr 1 r X dz 
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^ X 1(2 2«H- 1 5 ) 

But -I «-{ +— }; 

ar-1 oi«-i sr + x-k-l sr + x + lj 



, r z dz 

whence, / -z . -7- 

^, «r - 1 da 



1 , (« - 1)» 1 , 2 » + 1 

6 «^ - 1 v^S v^S 

And / J77 r- 



33. To find Z"-.-^ 



^) 



Hence, I+jj's*'^, dr = -r , 3ar«7--r — ^r-j . 3- 



<v 



which is rational, and may be reduced by preceding articles. 



EXAMPLES OF IKTEGRALS. 



34. To find the area of a parabola in which y"**"* = a" a^^ 



m + n * * "^ ** 



area» irwas/la« + ij?'» + '»« o*-^»a? "• + » + C. 
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And if when a? = 0, area =0, C = ; 

m m 4- 2ii 

m + n -— -!-i-l^ m + w 

area = a*'*"".t'""*'* = yx, 

m+ 2n m + 2n 

35. To find the area of a half segment of a circle, 
area ^-j^y^-^f, ^(c? - a?*), 
X being measured from the centre. 

Let P = a? v^(a* - zr*), -— = ^(a* -a?«) - 



da? y/ip^ ^ ^0 



= v'(«*-^) + 



= 2 -v/(a* - j?«) 



a* — a?* o* 



-v/(a« - c^ y/(a^ - <rO 



o« 



V^(o* - ^p«) 



Hence v^(o^ - a?*) « i • "t- + 



do? 2 \/(a' - ^) 

s 

= - * . 07 a/ (a* - ar) + —cos * - + c. 
* ^ 2 a 

And the area of the segment is when x ^ a. 

Hence = C ; 

area = — cos"* . 

2 a 2 

36. To find the solid content of a segment of a sphere, 
solid content = - jgiry^ =- t J!i (o* — a/*) = — tt [a^co j + C ; 

and when w ^ a^ the content = 0. Hence C = , 

3 



170 THE INTEGRAL CALCULUS. 



solid content = — |2a* - Scfw + a?} . 

37* To find the length of the arc of the semi-cubical 
parabola. 

Here y^ = aa^, y^a^w^y -;— =---i5 
suppose arc=^V^{l4.(g)]=^V(l+^|) 

This may be integrated as in Article 5, and gives 

4 

arc as (<rl + - ai)i + C 
9 

And if the arc begins when ^ = 0, 

arc = (^ + - flti)i . 

9 27 

38. To find the surface of the common parabolic conoid. 

^• = 40^, y^^^awy — . = Jl--, 

da ^ X 



surface « i^'^vy \/\a + f — j > = ^47rv/a^ \/(l +-) 



And if the surface begins when a? = 0, 

surface = — — {(^ + «)' - «*}• 

39. When a body falls to a centre of force varying 
inversely as the square of the distance, to find the velocity 
and time. 
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By B. V. Art. 71, -v-— =/; and /= 3 , 

aw Or 



dv fx V* ^. 

dw J?*' 2 w 



If h be the original distance fallen from, ^ = 0^ when x^h. 

Z X h \x h] ^ hx 

^ , . dt 1 1 ^hx 

For the time, -;--=* = - 



dx « y/^fi. \/(A - ^) 



-V: 



^ 



To integrate, - " ^, =. j * ' ". - ,>* 

** y^(AiP-a>*) y/{hw-a^) ^(kw-a?) 

^h-x |A 

And since the time begins when x =^ h, C = - . tt, 

ttA' 
When a? is the arc is cos"^ - 1, or tt, and t 



2y/2fjL 
40. At the distance x from the centre of force 



"'"^'^l^y- 



But if a body revolve about the centre of force at the distance 
Xf with a velocity u^ 



^ 
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W' = 2 — . - as - . 

or 2 w 
And these axe equal if 

2m f 7) = -; or if A =20?; 

\^ A/ Of 

that is, a body must fall from a distance equal to twice the 
radius, in order to acquire the velocity in the circle. 

41. In the ellipse, the velocity is equal to that acquired 
by falling with the force at P through ^ the chord of curva- 
ture. The chord of curvature is (see the diagrams in 
B. III. and iv.) 

2C2y 2SP.HP 2w(2a'w) 
AC " AC '^ a 

Hence velocity* =— r- . = 2« (- 1; 

•^ a?2 2a '^ V^ 20/ 

and this will be equal to v*, the velocity acquired by falling, 
if A » 2a. 

Therefore a body falling from a distance equal to the 
major axis of the ellipse, acquires, on reaching the curve, 
the velocity of a body in the curve. 



THE END. 
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♦HISTORY OF THE CHRISTIAN CHURCH; from the A&. 

cension of Jesus Christ to the Conversion of Constantino. By the late 

EDWARD BURTON, D^. 6*. ^ 

Etkry history ^ toore or Iibss exUpldsrod ia' detailinf the -Aifiereat foisit whialh TMIginii lias oflsomed, and the 
conduct of persons acthig under religious impressions ; and every reader may derive instruction from the facts 
of this nature which are contained in the records of past ages; but the History of the Church is the History 
of Truth:— it descants upon the jrdgreH of | Jl^l|fion ^ich, yAdbobtedly, fame from Heaven, and which 
is, undoubtedly, the only religion by which we can hope to go to Heaven. This at once gives to the History of 
the Church an importance above every other study. 

The EARLY CHRISTIAN^ ; t^^ir MANNER^ and CUSTOMS, 

TRIALS and SUFPBRINGfl. By the Rer. W. PRIDDEN, M.A. 4». 

To give to any Christian who has been taught to read his Bible some correct ideas of the state of the Church 
of Christ, in the tiq^H (shplk fisiPadiwMj loilftwed (h^ ^«»tll Of fl»i AVPVtt^i C tp iSMHT tv nrious accounts and 
passages, taken from writers of credit, some of the j)aftiPHlQf iCMtonis, ways of life, and habits of thinkings 
common among the first believers in our holy Religion; to point out also in what respects the Church of 
Bbgland has followed them ; in a word, to impart a general knowledge of the character of the Early Christians 
dvring their gradual, but yet rapid, increase, from a mere handful of d^^ised and persecuted nun to 9 vast 
mtUtitUde tfcattered'ovef nedtly &11 the ed;rth f— silch are the chief ol^ects of this little work. 
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THE BOOK OF THE FATHERS ; containing the LIVES of 
CELEBRATOP FATHERS of the Christian Chureh, and the 

Spirit of their Writings. 9«. 6dL 

It is from the writings of those men, affectionately and justly styled the " Fathers of the Church," that 
trepfuresof thought, of morality, of doptrine, foi^l of bistoripal ^ts, hjivebeen fUawnbymocifedinf 9ges. 
» « # * There at>e vftrioUs causes' why the works, and even the names, of the Early Fathers, are almost 
xaadauawa to many Christians. * * * * 1q Protectant readers, ono great cauae, perh^fip the most poMeiAil 
of all, exists, and that is, the corruptions introduced into the Roman Catholic Church, in later ages, on the 
pi^t^ndod basis of their authority ; the legends and miracles, interpolated wit^h the JMn^ydf pf ibtUr Utee 
and deaths! and the perversion or exaggeration of their opinions. 

THE ANGLO-SAXON CHURCH ; Its HISTORY, REVENUES, 

and General Character. B^ the li^v. HENEY SOAMES« M*Af^ Anthot 

of the History of the Reformation. ' 10*. 6d. 

A HISTORY OF POPERY; containing an Account of tlie Origin, 

growth, and Pnogrees of tl*e P^pal ^qvrer j itfi Piolitical Jn^qenoe in the Eovopen^ 

States-System, and its Effects on the Progress of Civilization. To which fffe 

added, an Examination of- the Present State of the Romiish Chnrcli 

in Ireland ; a hrief History of Uie Xni(]L^isiti4)|^ | aq4 S^Q9i]3}Ol|p 

of Monkish Legends. 9*. 6d. 

Thb dedgn of this work is te trace the origin and growth of the temporal power of the popes, and its effects 
on the political and social sjrstem of Europe. Doctrinal contnoTersy is avoided, and popery is chiefly considered 
in its relation to civilization, and the progress of knowledge. The authority which the Romish Church long 
held over the jninds and actions of men, and the incessant efforts made to resume that power, render 
it of importance that all should know how .auqh ^ifi^vqc^ fr^fi acquired, and how exercised. 

HISTORY of rte CHURCH of ENGLAND, to the JlEVOtUTION 

1688. By THOMAS VOWLER SHORT, D.D. 

New A^p I^PEoyx;p Pditiok. Inthe Press. 

HISTORY OF THE ENGLISH EPISCOPACY, from the Period 

of the Xong Tariiament to liie Act of Uniformity. By the Rev. THOSIAS • 1 1 

LATHBURY, M.A. 12iw | 
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*" THE FAMILY HISTORY OP ENGLAND, by th« Bev. fl. R. 

ai^BIG, M. A., with an exteqsive series of PJX)TOEIAL 

ILLUSTBATIONS. 3 Vols., 6«. 6rf. each. 

This main purpose of the FAMrav History op Ekolaitd has been to raiito (Ajects whfad) in fuidi imdeiftfldiigv 
are not alvmys found to coincide ; namely, to render the study of English Hidtot^ not metiely tiutniettve, bu4 
interesting and amusing. For this purpose, the greatest care has been taken to seiw upon all those eferfldng 
teatures in the detail of erents, 'v^hicfa not only oonyey to the mind of ^e reader a Tivid pij>ture«f soenee past, 
hut induce him to argue fr(Hn effects to their causes. While the i^iosoiAjy of liist<H7, thevefiDve, is fedulMwly 
taught, it is taught in a manner calculated to gratify both young and old, by affording to the one class ^pU 
scope to reflection ; to the other, matter that stirs and excites, while it conreys sound moral instruction. 

The work is iiddressed to readers of ail ranks and ages. It is emin^itly adapted for the use of Scheotf. 
and will be found not^unwori^y of perusal by persons more advanoed in kistorlcal information. 

A HI6TORY OF LONDON ; from its Foundation by the BomaQs ta 

tjv© ^cession of Queen Victoiia; with ^ome accoupt of the Progress of {tp Insti- 
tutions, and Sketches ^f the Makers and Custopis of |;he People^ 

from the early Ages. Bj CHARLES MACKAY. 7s 

Ov tbe Jljlftpri^ of fiondon w^ob. h^Vf hilj^eFto vsfefapjidf tfrne have ite^n tpo irqUwakipus ^d SPffif H^ ^ 
general reader, and others too exclusively addressed to tho mere citizen, the antiquarian, or the trardler. 
The object of the present Volume is to fnriiieh in a tangible form, and a/t a- small price, a general and popular 
Tiftv of the i^ogress of oiviliovtlon, andpf the oricjji imd prograM of ^oee levents wl4ck ha¥p n4sfe4 l0a4(^ 
to its pnscBt Importpnee. The Work, bamBvef, is not confined to • bivtoiy of even^, hut ppn^i^ graj?h^9 
pjctqee^ oi the manners and oustoma of the peopte* t^eiri^ports si^d paatimei at4iffi»ent p^ofLf, and t^ 
cfeMoactenatie incideots of their denestio history. 

A POPULAR HISTORY OP THE REFORMATION, in 

Germany, Switzerland, and Great 'Btittint and of its chief Promoters, 

Opposers, aad YictuD«. By THOMAS F03C. 3« id. 

THE STUDENTS MANU44:. OF ANCIENT mSTOftY: 

coniaiaing Agceounts of all the principal Nations of Anti<inity* 

By W. C. TAYLOR, LL.D. 1^* §d. 

Tbm ^giAga of this vork is to supply Hie student witti ad ouUine of ihe principal events )n Urn fouifls pt 
the ancient world, and at the same tima to lead him to tlie consideration of the causey tl^at pro<}^»ced th^ 
principal reyolutions recorded. The geographical position, natural productions, and progress of civilization , in 
all the great monarchies and republics, have been diligently investigated, and their effect on the fortunes of 
the ^Me !9^t«4 ovt. Thus the pihUoac^y of histoiy if made ^ filuf trate thenarraitiTe vv^ithout intef ryp^ii^ it. 

THE STUDENT'S MANUAL OF MODERN HISTORY, by 

the same Author. Jn tbfi jPr/^s, 



"^Tbe CRUSADERS ; SCENES, EVENTS, and CHARACTERS, 

from the Times of the Crusades. By T. KEIGHTLEY. Two Vols., lU. 

Ilf /^ Wiok., ^ii» CrvmOenf the iOxeeks, Tudcs, and Saxacens of the times of the CnuKdeiB, gxeap^ before IJm 
Tiew of the reader as they lived, thought, and acted. Their valour, their wpfSBtiUtm, ilheir leiiocijty, ^eix 
honour, are djoplayed in as strong a light 9» theexisting historical documeotf permit, ;ip^<^ Accurate ^^fici^P^ons 
and gcaphic Hlustrations exhibit the towns and scenery of SjTia, and the other countries which were the 
theatre of the ^i^loits of Hie Crusaders. 

c * 

^JJJSTQBY OF MOHAMMEDANISM, aiwi the PJlIfifCIPAL 

MOHAMMEDAN SECTS. By Dr. TAYLOR. 6*. ft/. 

%fft9 work contains a full account of the l^lohamwqdan 'traditions xe^pecting the oijgip of their IfjiJlth; 4ua 
fUlqDunt of the politipal* religious, and sociaL state of the East, wfaon first the doctrineiB of iBl^Tni/yn .wei?^ 
promulgated ; a history of Mohammed's life, mainly .derived £rom his own autobiographical ootioes pi th^ 
Jfffc^n: an .original l^ohammedan Creed; and the fullcMitpartioalan that haVjB y«)trapp6fli»d in ip^B^U^^ 
the leading sects that divide tiie Mussulmans. 
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LUTHER and HIS TIMES ; a History of the Rise and Progress 

of the German Beformation. By the Rev. J. £. RIDDLE, M.A., 

Author of First Sundays at Church. 6s» 

"Trc following aooount of a Pantomime, said to have been actod before the Emperor Charles the Fifth, 
while attending a Diet at Augsborg, in the year 1630, conveys a striking representation of the Qerman 
Reformation in its early history and progress. A man clothed in the usual habit of a doctor of divinity, and 
having the name Capnio (the Greek word for Beuchlin) written on his back, first came upon the scene. He 
brought with him a bundle of sticks, some crooked and some straight ; and having thrown them down in the 
middle of the room, he went away. He was followed by a second, habited as a secular priest, and marked 
with the name of Erasmus, who took great pains in endeavouring to put the sticks in order and to make the 
crooked straight; but, finding that he laboured in vain, he shook his head sorrowfully, and quitted the scene. 
Then came Dr. Martin Luther, in the dress of a monk : he set firo to the crooked sticks, and, when the flame 
began to rise, withdrew. Hereupon the Emperor appeared, who, seeing the crooked sticks on fire, ran into 
the midst with a sword in his hand, with which he endeavoured to extinguish the flames ; but by Uils means 
he only increased the conflagration. At last came the Pope : he wrung his hands with terror and vexation, 
and looked about despairingly for some means of quenching the disastrous flames. Two vessels stood at a 
distance, one filled with oil, and the other with water. The pontiff, in his distress, laid hold of the vessel of 
oil, and poured its contents upon the burning mass ; so that, the flame being nouririied and roused to redouUed 
fuiy, the mischief became irreparable." — Luther artd his Times ^ Ch. I. 

*LIVES OF EMINENT CHRISTIANS. By the Rev.R. B. HONE, 

M.A«, Vicar of Hales Owen. 3 Vols., 4«. 6</. each. 

Ths paths of good men are commonly so full of peace, and the sorrows which befall them so mercifully 
softened and blessed by a sacred influence, that few more pleasing or successful ways of recommending 
the fear and love of God have been found, than the publication of religious biography. With the design of 
promoting so good a cause, by the blessing of God, these little volumes have been written ; and it is hoped that, 
In carrying it into execution, a fresh interest may have been given to the lives of these eminent persons. 

V This popular work is now COMPLETED, by the Publication of the THIRD 
VOLUME, which may be had separately, to complete sets. 

THE LIFE OP SIR WILLIAM JONES, by the late LORD 

TEIGNMOUTH ; with Notes, Selections fropi his Works, and a Memoir of his 
Noble Biographer. By the Rev. S. C. WILKS, M.A. 2 Vols., 10*. 6d. 

SiA WiLLiAU JoNxs was uot only the most eminent linguist, but in many respects one of the most remarkable 
men, of the last century ; and Lord Tkionmouth's Memoir of him has been justly accounted one of the most 
interesting, instructive, and entertaining pieces of modem biography. « • • • To the present edition of 
this popular Memoir is prefixed a notice of its lately-deceased author ; who, though highly respected as an 
Oriental scholar, and raised to the peerage for his meritorious services as Governor-general of India, was 
yet better known for the Christian virtues which adorned his character. 



♦LIVES OF SACRED POETS; preceded by an Historical Sketch 

of Sacred Poetry. By R. A. WILLMOTT, Esq. 

Trinity College, Cambridge. ' 4^. grf, 

Ths first volume of these Lives presents as ample a view as its limits would permit, of the state of Saravd 
Poetry in the reigns of Elizabeth, James the First, and Charles the First Among the poets and distinguished 
individuals of whom Biographical and Critical Sketches are given, may be enumerated, Southwell, Constable, 
Barnes; Francis Davison, the author of some exquisite Versions from the Psalms; Donne; Browne, the 
sweetest disciple of Spenser's Pastoral School; Sir John Denham; Heywood, the author of the Hierardtit nf 
the Blessed Angels; Sandys; Lord Bacon, the friend of Herbert; Hobbes, the philosopher, and Ben Jonson, 
his associate in the translation of the Advancement of Learning; the celebrated Lord Herbert of Cherbury; 
the accomplished and learned Selden; Archbishops Williams and Laud; Lord Pembroke, the lover and loved 
of poets; Cowley, the affectionate friend of Crashaw, &c. 

V The SECOND and CONCLUDING VOLUME, commencing with Milton, 

and closing with Bishop Hbbbr, thus forming a complete MA.NUAL of the 

LIVES of the BRITISH SACRED POETS, is in the Press. 

• READINGS IN BIOGRAPHY. A Selection ot the Lives of Emi- 

nent Men of all Nations. 4s. ed. 

Thb dedgn of this work is to give an account of the lives of the Leaders in the most important revolutions 
which history records, from the age of Sesostris to that of Napoleon. Care has been taken to select those 
personages concerning whom information is most required by the historical student. All the lives have been 
compiled from original sources ; those of the Oriental Sovereigns, especially, are taken from Oriental writem 
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EDUCATIONAL REFORM ; or. Thoughts on the Organization of 

National, Pol3rtechnic, Classical, and Normal Schools. 

By FRANCIS SCHULTE, D.C.L. In the Pre$s. 

Thb main object of this yrork. is to deduce from the structure of the human mind, the conditions of 
Elociety, and the comparative value of the Sciences, and their effects on progressive civilization, those principles 
which ought to prevail in discusdng and settling the great question of National Reform. Although the 
author has sedulously avoided giving unnecessary offence, he has neither flattered the errors and prejudices 
of the public, or joined in the wranglings of pctfty. The nature of the different establishments, and of the 
studies adapted to them, is distinctly stated and explained, and religious and moral instruction is mode the 
comer-stone on which the educational fabric of a nation should be reared. 
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PRINCIPLES OF ENGLISH UNIVERSITY EDUCATION 

B7 the Rev. WILLIAM WHEWELL M.A., F.R.S. &c., Fellow and Tutor of 

Trinity College, Cambridge. 6s, 
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THOUGHTS OF A PARENT ON EDUCATION. By the late 

Mrs. TRENCH. With a Preface and Notes, by the Editor. U. 6(L 

Ths valuable and interesting little work now offered to the public fell into the Editor's hands a short 
time ago, during her residence in Ireland ; and, anxious to be the means of difftudng more widdy thoughts so 
Just* so pure, and intelligible, she has cbtained permiasion to reprint them. 
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NATIONAL EDUCATION and the MEANS of IMPROVING IT. 

By the Rev. T. V. SHORT, D.D. 1«. 
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The RISE and PROGRESS of the ENGLISH CONSTITUTION ; 

the Essay of De Lolme, with an Historical and Legal Introduction, and Notes. 
By ARCHIBALD JOHN STEPHENS, M.A., F.B.S., &c 

Barrister at Law. in the Press. 

" The Laws and Constitution of our own ooontiy is a Gfpecies of knowledge in which the gentlonen of 
England have been more remarkably deficient than those of all Europe besides. la most of the nations on 
the Continent, where the civil or imperial law, under different modifications, is closely interwoven with the 
municipal laws of the land, no gentleman, or at least no scholar, thinks his education is completed, till he 
has attended a course or two of lectures, both upon the Institutes of Justinian and the local constitutions of 
Us native soil, under the very eminent professors that abound in their several universities. * * * * i think 
it an undeniable position, that a competent knowledge of the laws of that society in which we live, is the 
proper accomplishment of every gentleman and aoholar : a highly uaeful, I had almost aaid essential, part of 
. liberal and polite education."— Blackstons. 

THE MERCHANT AND THE FRIAR; (Truths and Fictions 

of the Middle Ages.) By SIR FRANCIS PALGRAVE, K.H., Keeper 

of the Records of the Treasury of Her Majesty's Exchequer. 8«. 

I HAVS been really quite surprised and astonished at the strictly verbal agreements between many parts of 
Roger Bacon's published text and the hitherto inedited Manuscripts which I use. And this very singular and 
imaocountable coincidence is such a proof of the accuracy of the actual Chronicles from whose fragments th is 
tale is rendered, that, if the reader chooses, he is at full liberty to conjecture that all the remaining portions of 
t]^ adTentnres of the Merchant and the Friar are given with equal fidelity. 
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UNIVERSAL MYTHOLOGY ; an Account of the most important 

MifUiOlogical Sy^t^ih^ and an Inqtiif^ ]ixt0 th^if C»itik aftd €eliiiejd<in $ 

witt Considerations on the KdtlAN ani the VALiiVt). By the liev. 

HENRY CHRISTMAS, St. John's Coll, Camb. 7«. 

Thje most eminent scholars in all ages have made Mythology a part of their study. * * * * The Mythology of 
Greece and Rome has been studied almost exclusively, though neither the most important, nor the most 
Interesting. The s^^temaof the East and of flte North, of Egypt Add of China, votild hdVd illustfated tBe 
Greek and Romaii fables, have cleared up their difficulties, and explained their allegories. * * * * The great 
•nd of studying Mythology should be, not to apply otir Icnowtedg^ inefely Ut the solution of difficult passages 
in eliUdlckl poetrt, but to the moral Bdti meJital histdry of mailkind^ « » 4 * This object has been attempted 
in the present work. 

THE EVIDENCE of PROFANE HISTORY to the TRUTtI 

aod NECESSITY of BEYELATION ; with Coiuaid«»«iioii8 wk the Bispensa- 
tioi^ preliniinaiy td the Oos{)el With Graphie lUi]stnitiam& In the Prett, 

It is the object of this Work to exhibit, from traces a^orded in the records and monuments, both sacred and 
profane, of the ancient worlds an unity of purpose maintained by the all-controlling proyidenoe of God. 
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f h6 tOKKE^tlON of NATURAL and DlVlNE TRUTH ; oi*, 

tke l^nnciples of the Inductive Pliilosophy, and tte Study of Secondary 

Causes, considered as subservient to the I*rDof of a First Cause and the 

Evidences of Religion. By the Rev. BADEN POWELL, M.A., 

Savilian Professor oT Geometry in the University of 02dbrd. In the Press. 
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NATURAL THEOLOGY eonsidei^ed dMefly with tefei^ence to Lohb 

S]iQ^«Hibu'0 BisGouBBE OH that £nil]0eat« By the Very Bey. T. TUBTONi D«D>^ 
jE^tlfli Profesflei' of Divifiity in the UniTdndty of C&jilinidge, and Dedo 

(if Pefsetborot^hi f^ 
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THE ETHICAL WORKS of RALPH CUD WORTH. D.D., 

• sdmetiiUfe Mastfei' of Christ's College, dambridge. tfoW fii^t edited with Notes, from 
the original MSS. by JOHN ALLEN, M. A., Chttpkin of King's College. 
Part I., being a Treatise OF FREEWILL, is in the Press. 

Ba. Ralph Gudworth, whose Intellectual System of the univecBe has raised him to a reputation to which 
notbiDji e«n add* Vut Ute publication of his other writings still extant in manusevipt^-BiRos. 
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THE TRINI1:1E9 O^ THE ANCIENTS. The Mythology of 

the T^t Ages, and the "Writings of the l*ythagorean School, examined, with 
reference to the Knowledge tsi the TVhiiiy neribed to PUitti^ ftod lather 

ondent Philo«ipha«* By BOBfeRT MUSHETi E«c[. Bs. m. 
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TWO ESSAYS; L, bw CONVERSATION) IL, ok QUACKERY; 

by an OXI^DBB MAN* 3f, 6rf, 

On amT»tliAndft^x.t>efil!iitioii} Qendnd BUei of l^onVe^tioh; OtodHl It^ultil of dbfiver^tton j 
Characteristic Traits of Men eminently gifted with Conversational 1^)#W8; fiVrSftli ludidronb Anitogy 
between Curving and Conversation. Canons of Conversation. 

On QuACKKRv.~Definition ; Professional and Lltenry tltlldks; Puffs of Literary Men; Charlataneria 
Eroditorium; Illustrations; Travelling Quacks; Quackery of Books of Travels. 

JOtfRNAL of the ROYAL ASIATIC SOCIETY of GREAT 

Britain and Iceland ; containing Original Papers, relative to the Histoiy, 

MituierS and Customs, Laws, Religion, Natnt^l History. Arts, Commerce, 

M2lhlifactiires, and Productions of the TttlE ORIENTAL WORLD. 

Contributed by Members and Corbespokoekts of the 

Society at Home and Abroad. Publiihed Qtuurt^ci^ 6li 
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The HISTORY OP LITERATURE ; contmnlng k Popular View of 

the Progress of Learning from the Earliest Period . In the Press, 

* HEADINGS in ENGLISH PROSE LITERATURE ; c6nulning 

choice SpecdinMis of the Works of the best English Wrlteiv, from Loao 
Bacoh to iha ^^sent liaM. With Es^ikTs an thd PaooBBUft <« £hroLisH 

LlT£KAtl7BS. 4s, 6d, 

This voliixne is intended to furnish the gaumX reader with some valuable Gpecimens of Kngliwh piose compo- 
Bition. They are taken from the works of those writers who have chiefly determined the style of our prose 
Utenture, and not only tn thsmfelvM iustruetive and flntertalhlng;, liut are also of stiffideni vaslety, kad of 
ax&tAe len^h, to tender the reader familiar with the beauties and the peculiarities of the various writers. Biogra- 
phical sketches of the Authors, and notices of the times wherein they flourished, ate alsd introduced ; and upon 
the '^dte, il ja hoped* Ihat the volume will 1>e fomid a ustfful tntroductlQn to the e^stematic study of our 

national literature. 

% 

A PRACTICAL INTRODUCTION to ENGLISH COMPOSI- 

HOK • adai»ted to the use of both sexes, by the Rev. J. EDWABDS^ M. A., 

Master in Kin^s College, London. 2m, 6d, 

FABLES, and MORAL MAXIMS, in PROSE and VERSE. Se- 

lected by ANNE PARKER. 3*. 6rf. 

WiTHotrr insisting upon the value of Fables, in the direct business of education, the pleasure with which they 
aia alinoai univwiaUy perused by young peopls, and the agteeable UMitf with whidh tbey tag/f, oonaeqnehtly, 
b« made the medium of a certain kind of instruotion) cannot be detkled. I«» how«ver, ringnlafly hammie, 
that, of the nomeMraa coUeotiona imbUahed firom time to ttme« a large majoti^* and partietUarly some Wtaleh 
are known as Sohool Bdtttoiiw of iBaoi>'e» and of Oat^, FABi.ae< abound In subjects and expressions, hot 
merely i^jHildve &om theiif coarseneest but more gravely objeotioaable, from tiielr anti-Woial, and, frequently, 
immoral, tendency. • * • • Bvcry otjeotion of this kind hae beeh wholly avoided in the present work. • * • * 
Moet<rf the favourite eld Fables, in the beat ColleotloDs, a» retained} but, in aeoOidatiee with the pUokoi 
hia werk* the liberty of altaring obiJeotionable paengea taaa been fireely exercised* 

LIGHT IN DARKNESS; or, THE RECORDS OF A VILLAGE 

RECTORY. Zs, Qd, 

Thb Villagk. I Thk CrooD Aunt. j The Village Apothecaby. 

The Retired Tradesman. | Tbe YtLLAGs SchoolUcaSi^r. | The Deserted Wife. 

Tna Famlt a» tum Hall; ob, PRutft and Povavrr. 

POSTHUMOUS RECORDS OP A LONDON CLERGYMAN. 

Edited by the Rev. J. HOBABT CACJNTEB, B.D. 7s. 



Introduotort SRvroH. 
A Female NARCOSfTs. 
The Condemned. 



The Afvuctsd Mak« 
The Gakblsr. 
The Widow. 



The HtvoorCndbiac. 

The PAAVENtj, 

The Fortune-Teller. 



TuA Sisters. 

THE 

Two Friends. 



Ths object of this work is to enforce some of the sublime truths of Christianity, by showing, in the way of 
practical illustration, the issues of moral good and of moral evil. 



THE SATURDAY MAGAZINE. 

Grkat care and attention are bestowed in adapting this cheap and popular Magazine to all classes of Readers, 
so that it may with propriety be introduced into Families and Schools, and among Young People in general. 
Its contents are at once instmetive and entertaining; Religious, Moral, and Social Pl-indplea aire oombined 
with Useful Information, and a Christian character and tendency is given to Popular Knowledge. Its pages 
are extensively ffiuatrated by Engravings on Wood, which comprise Portraits, Views, remarkable 01:tJecta in 
Antiquity, Science, and Maoofaoturee, the various branches of Natural History, and, indeed, whatever ia 
curious and interesting in Nature and in Art. It is published Weekly, in Numbers, at One Penny, and 
Monthly, in Parts, at Six Pence ; also, in Half- Yearly Volumes, at At. 6d., and Annual Volumes, at 7«> 6(L 
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SCIENCE AND THE ARTS. 



THE LIFE OF Dr. THOMAS YOUNG, F.R.S., etc., Foreign 

Member of the National Institute of France. By the Rev. GEO. PEACOCK, 

M.A., Fellow and Tutor of Trinity College, and Lowndes's Professor 

of Astronomy and Geometry in the University of Cambridge. 

Preparing for the Press, 
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A HISTORY of the INDUCTIVE SCIENCES, from the EarUest 

Times to the Present. By the Rev. WILLIAM WHE WELL, 

M.A., F.R.S., ETC. Three Vols., 21, 2s, 

*' A 9vn rtory of learning, containing the anti<iuities and originals of Khowlbookb, and their Sects, 
their inrentions, their traditions, their diverse administrations and managings; their flourishings, their 
oppositions, decays, depressions, removes, with the causes and occasions of them ; and all other eventsooncem- 
ing learning, tiiroughout all ages of the world ; I may truly affirm to he wanting. The use and end of which 
work, I do not so much design for curiosity or satisfaction of those that are lovers of learning ; "but chiefly for 
a mora serious and grsTe purpose; which is this, in few words; that it will make learned men more wiso in 
tlM lue and admlnlattation of learning." — Bacon. 
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A MANUAL OF CHEMISTRY, by W. T. BRANDE, F.R.S. 

Prof. Chem. R.I., and of Her Majesty's Mint. 30s, 

AiffBOUOH Three Editions of the Manual of Chemistry have already appeared, the present may be con- 
aldered as a new work. It has been almost wholly re-vnitten; everything new and important in the Science, 
both in BngUah and Foreign Works, has been embodied: it abounds in references to Authorities ; and no pains 
haTe been spared to render it, in every respect, valuable, as a Text-Book for the Lecturer, and as a Manual for 
the Chemical Student It contains a connected view of the present state of the Science; practical and 
theoretical^ and is prefaced by an Histobical Skktch of the Risk and Pboorbss of Chemical Philosophy; 
It is illustrated by nearly 2%ree Hundred Wood-Cuts^ and by nimierous Dieigrams and Te^ks. It is divided 
into Three Farts, forming a very thick Octavo Volume ; but it is so arranged, that each part may be bound 
separately, with separate Titles and Contents. The Ivmsx is upon an extended scale, and renders the work 
accessible as a Dictionary of Chemistry. 
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HINTS TO GAS CONSUMERS ; comprising Practical Informa- 

Hon on the following subjects : — 

I. The General Propertiea of Coal-Gas. IL Its Cost, as compared with other modes of Dlnmination. HL The 
Convenience, Safety, and Utility of Oas-Light lY. Management and Economical Use of Gas. Y. Gas- 
Fitters and Gas-FittingB. YL Gas Stoves. 
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ELECTRICITY, THEORETICAL AND PRACTICAL; 

With Original Experiments and Instructions in ELECTRICAL 
MANIPULATION. By W. SNOW HARRIS, F.R.S., &c. 

Preparhiff for the Press. 



POWERS of the ROOTS of the NERVES, in Health and in Disease. 

Idkewise on MAGNETIC SLEEP. By HERBERT MAYO, Esq., F.B.S , 

Senior Surgeon of the Middlesex HospitaL It. 9d, 



A HAND-BOOK for PAINTERS and PATRONS in ENGLAND ; 

confiisting of a Series of Essays on Subjects connected with the Present State 

of Fainting, Painters, and Patronage, in this country. 

Preparing for th? Press, 
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• POPULAR PHYSIOLOGY ; being a familiar Explanation of the 

most interesting Facts connected with the Structure and Functions of Animals, 
and particularly of Man ; adapted for general Headers. By PEBCEYAL 

B. LOBD, M.B. With numerous Engravings. ^8. 6cU 

To traoe the finger of Qod in the vrorks of creation, to consider ** the wonders that he doeth amongst the 
cLildren of men," has ever been a source of the purest and noblest gratification, — ^that moral gratification 
which a well-framed mind naturally experiences in contemplating Infinite Power working out the dictates of 
Infinite Goodness,-— that intellectual satisfaction which attends upon oiur being allowed, even imperfectly, to 
comprehend some small part of the designs of Infinite Wisdom. With such a view are we presented in this 
Tolume, which, taking for its subject the animal body, and more peculiarly that of noan, explains the various 
oontrivanoes by which he Is enabled to <*live, move, and have his being:" shows him, first, as consisting of 
numerous sets of organs, all performing different offices, yet all conspiring with beautiful harmony for the 
benefit and preservation of the whole; then views him as an individual, his organism animated Jay one vital 
principle, and directed by one mind, situated in the midst of numberless other beings, with whom he is destined 
to •nr|ft<Titftin relations, principally by means of his external organs of sense. 
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* MECHANICS APPLIED TO THE ARTS. By the Rev. HENRY 

MOSELEY, M.A., Professor of Natural Philosophy, King's College, London. 



With numerous Engravings. 



6s, 6d. 



This work contains treatises on the sciences of Statics and Hydrostatics, comprising the whole theory of 
Equilibrium. It is the first volume of a course of Natural Philosophy, intended for the use of those who 
have no knowledge of Mathematics, or who have mode but little progress in their mathematical reading. 
Throughout the whole, an attempt has been made to bring the principles of exact science to bear upon 
questions of practical application in the Arts, and to place the discussion of them within the reach of the more 
intelligent of that useful class of men who are connected with the manufactures of the country. 
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ARTISANS AND MACHINERY ; the Moral and Physical Con- 

dition of the Manufacturing Population considered, with reference to Mechanical 
Substitutes for Human Labour. By PETER 6ASKELL, Esq., Surgeon. 6s. 

Thb absence of a work devoted to an examination of the Moral, Social, and Physical condition of more 
than tliree millions of our fellow subjects, men, women, and children engaged in the arts, manufactures, and 
trade of the country, has been long deemed a serious evil. The vast importance of the subject, and tho 
numerous interests connected with it, render a dispassionate inquiry not only highly desirable, but with a view 
to Its influence upon the community at large, absolutely necessary. 
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» READINGS in SCIENCE ; being familiar EXPLANATIONS of 

some of the most interesting Appearances and Principles in NATURAL 



PHILOSOPHY. With many Engravings. 



5s. 



This volume differs materially from previous publications having the same olject, namely, that of rendering 
the path of science easy and inviting to beginners. The chief differences will be found in the order of the 
sabjects, in the manner in which they are treated, in the examples by which principles are illustrated, and 
in certain reflectionfl and remarks, not generally introduced into scientiflo writings. 
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THE MAGAZINE OF POPULAR SCIENCE. 

Monthly, at 2s. 6cU 

This work famishes the general reader with popular and connected views of the actual progress and condition 
of the Physical Sciences, both at home and abroad. The Mechanical Arts, Dietetic Chemistry, the Structure 
of the Earth, Electricity, Galvanism, Gas, Heat, Light, Magnetism, the Mathematical Sciences, Philosophical 
Instruments, Rain, Steam, the Ciometary System, Tides, Volcanoes, &c., have, among many others, been 
developed in original communications and discussions, abounding in the freshest faets, the most recent 
discoveries, and the latest intelligence, whidi an indefatigable examination of the products of Scientific 
Beseorch, at home and abroad, has been able to furnish. 

The Sciences of Astrowomy, Chbmistry, and Gbolooy, are comprehensively, but popularly, treated in a 
Mries of papers, intended to form regular and complete Ckturses on those several Subjects. 

Priceof the Fhst Volume, lOf., bound and lettered ; the Second and Third, IBs. each. 
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ARCHITECTURE of the HINDUS. By RAM RAZ, Native 

Judge and Magistrate at Bangalore. With Forty-eight Plates. U ll». Bd. 
TublitJud /or the Royal Asiatic BocUty qf Great Britain and Ireland. 






BY JOHN T. PABKER, LONDON. 

TRY, MUSIC, ETC. 



BIOGRAPHY, AND CRITICISM; being 
c from the eatliest Period to the PreBent Time. 
TH. A nea and enlarged tdiliim, in Too Voiimei. 
In Iha Preti. 

SPISTLES of HORACE, interpreted by 
D HUNTER, Esq., M.A. U. W. 



fTHS, a Poem, in Twelve Parts. By 
3., Lord Biidiop of Dtnrn ud Couuor. 2 Vols., 9t. 



TRY. A Selection from the Works of the 
leoser to the present times ; with Specimens of the ' 

ea of the "Writers ; and Eiplaoatory Notes. 4f. Sd. \ 
pftB9 ot tbB Mandord ffngUJi Poeli. Cjm bu b«a taken ta nlKt , 
B the itTle tl the n^notlTS Aatlmn. ud ]( li taiai} neoe^uy to | 
ptiid b> the moral cbaract«r c^ the axtraotB. 



selected by 

U7 mnrlt,— produatlons which at od» do honour to Ihdr mUen, 



norred populirityj o 
ijoycd. 



), and PRESENTED to my CHILDREN* 
AlrlUEL CHARLES WILKS, MJ^ U. 6d. 



3E PRIMITIVE CHURCH; now first 
lED, and TRANSLATED. By the Rev. J. 
P'ellow of Corpus Cluisti College, Oxford. 4i. 6d. 



PSALMS and HYMNS, for PUBLIC WORSHIP ; Selected and 
Revised by the Rev. J. E. RIDDLE, M. A. Gilt Edges, 2t. i Cheap Edition, It. 



* CHRISTMAS CAROLS (with Music); a Series of Originfll Sacred 

Songs, suitable for the FestiTalof OUR LORD'S NATlVrTY ( adapted to 

Select Mnsic, and to various National Airs ; arranged far one, two, and 

three Yoices, with AccotnpanimentB for the Piano-Forte. 4m. 



* MANUAL of INSTRUCTION in VOCAL MUSIC, chiefly with 

a View to PSALMODY. By JOHN TURNER, Esq. 4>. , 

With an oqiedal view, tnt and pHnoipally. to rvnder the hind of aoiffatBiice required for (he Improrunent of J 
He mudixl portion of theCliiirtli Servim ; end in the Borand {ilus, with regajd lo mora exiended tmeBf > * » • ' 
Though chl£^ df&lgned for the me of chUdroi collected In luge numboa, it maji with equal adTantafSj ■ 
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Salf-botmdj in Two handsome Folio Volumes, Turkey Morocco, price Two Guineas; or in 

Twenty-four Parts, at Eighteen-pence each. 

SACRED MINSTRELSY; 

A COLLECTION OF 

SACRED MUSIC FROM THE FINEST WORKS OF THE GREAT 

MASTERS, BRITISH AND FOREIGN. 

ABKANOKD AS 

SOLOS, AND CONCERTED PIECES FOR PRIVATE PERFORMANCE, WITH 
ACCOMPANIMENTS FOR THE PIANO-FORTE, 



Thx exclusive nature of nearly all existing collections of Sacred Music, and the high price at 
Tvhich novelties are in general produced, renders this work particularly desirable. Many fine 
productions, at present comparatively unknown, would be hailed with delight as additions to the 
stores of Sacred Harmony, could they be procured in a familiar form and on reasonable terms. 
The design of the present work, therefore, is to place within the reach of families, and of 
persons unaccustomed to playing from score, really good practical music ; classical, yet not 
laboriously and uselessly learned ; to introduce into the drawing-room many beautiful 
compositions of enduring value, which, if not altogether unknown, have rarely been heard 
except at Concerts or Oratorios ; and thus to attract towards Sacred Music a portion of that 
patronage which is too generally bestowed, in so disproportionate a degree, upon works of a 
secular kind. 



SUMMARY OF THE CONTENTS. 



AixBom, a Miserere for FiveVoices 
ANONYMOue, a Sacred Bound; a 

Sacred Song, ' Thou to whom all 

power is given' 
Arks, Dr., Tbe Hymn of Eve 
Attwood, Thomas, Two AnthemB, 

and a Vesper Hymn 
Bach, Sebastiam, a Choral, and a 

Sacred Song 
Bach, Emakitel, a Song for Christ- 
mas, and an Air 
Bassani, So1o> * Ascribe unto tbe 

Lord' 
Battkn, Anthem, * Deliyer us, 

Lord* 
Battishill, Trio, * O Remember' 

not* >- 

Bbkthovsx, Three Sacred Songs, a 

Trio, and a Q,uart6tt 
BsRNABEi, Solo, * Who cau tell' 
Blakb, Dr., Duet, * Thou shalt 

show me' 
Blow, Dr., Anthem, * The Lord 

hear thee' 
BoYCB, Dr., A Sacred Song, an An- 
them, two Duets, and a Sacred 

Round 
Cabnabt, Dr., A Sanctus 
Caldara, Antonio, A Terzetto, 

and a Duet 
Cabissimi, Trio, * I am well pleased' 
Chsrubini, a Chorus, and a Trio 
Child, Dr., Anthem, * Lord, grant 

the king a long life* 
Clark, Jbremiah, Solo, ' How long 

wilt thou forget me?' 
CooKB, Dr., A Douhle Chant 
Cbbyohton, Dr., Anthooi, * I will 

arise* 



Croft, Dr., a Solo, a Trio, and 
three Anthems 

Dupuis, Dr., Three Solos, a Trio, 
an Anthem, and a Douhle Chant 

Farrant, Richard, Two Anthems, 
and a Gloria Patri 

Oalliaro, John Ernsst, Duet, 
* Join voices, all ye living souls' 

OanbbachxR, Johann, Sacred Song 

Gasparini, a Duet 

Gibbons, Dr. Orlando, a Kunc 
Dimittis, a Sanctus, and an An- 
them 

Gluck, Air, * Maker of all !' 

Grbsnb, Dr. Maurick, Three An- 
thems, four Solos, and a Duet 

Handkl, Eighteen Solos, four Re- 
citatives and Airs, a Quartett, 
and four Chorusses 

Harwood, Ode, * The Dying Chris- 
tian to his soul' 

Haydn, Joseph, a Hymn, Two 
Duets, a Trio, and a Quartett 

Haydn, Mighavl, Quartett, * O 
Thou who kindly dost provide' 

Haybs, Dr., Three Sacred Songs 

HsLWio, L., Air, * Bow down thine 
ear, O Lord' 

HiMMBL, Choral, * Gome, O come, 
with sacred lays' 

Humpbrys, Pslham, Grand Chant 

JoMSLLi, NicoLO, Duettino 

Kbnt, Jambs, a Solo, a Trio, and 
three Anthems 

Lbmon, Colonkl, a Douhle Chant 

Lock, Matthjew, Anthem, *Lord 
let me know my end * 

LvTUKR, Martin, Hymn, < Great 
God! what do I see and hear!' 



Mabcello, a Solo, Thtee Dtieis, 

and an Anthem 
Mason, Rev. Wiluajt, Anthein» 

* Lord of all power and might* 
Mbhul, Sacred Song 
Mendblssohn, Sacred Song 
Mozart, Three Airs, and three 

Quartetts 
Narbs, Dr., A Solo, twoDuetsTand 

three Anthems 
Nbukomm, a Sacred Song, and a 

Sanctus 
Peroolesi, a Motet and a Duet 
Porter, W. L, Solo, *Like as the 

hart' 
PuRCELL, Henry, a Trio and two 

Anthems 
PuRCELL, Thomas, A Funeral Chant 
Reynolds, John, Anthem, • My 

God, my God, look upon me* 
RiOHiNi, Quartett, * How blessed 

the man* 
RooERs, Dr., Anthem, * Teach me» 

O Lord' 
Rombbbo, Trio, * Pater Noster* 
Sarti, Terzetto 
ScHULz, Sacred Song, < Glory he to 

God on high' 
SoAFBR, Double Chant 
Spohr, Hymn, Quartett, Se Chorus 
Stbffani, a Duet and-a Trio 
Tallis, * Nunc Dimittis* 
Traybbs, Single Chant 
Tyb, Dr. Ghbibtophbr, Motet 
Wernbr, Sacred Song, * Resigna- 
tion* 
WisB, Michael, Three Anthems 
Wintbr, Air, * Father.of Hteven' 
Zinoarslli, Sacred Song. 



t 



Prefixed to each Volume are Biographical Sketches of the Authors whose compositionB it 
contains, together with Historical and Critical Accounts of the Works upon, which tiieir 
respective reputations are principallv founded. 
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#tT8tftiiEiJ feT tamt ir. fASKM^ tbUmb^t 



ffSAtm, EDUCAftOK DOMJSSTid MCONOMf. 

THE PHILOSOPHY OP LIVING, by HEl^BldRT MAYO, 

F.E.S., Senior Surgfeoii bf ihfe Middlesex Hospital 8«. 6rf. 

SUKMARY VI^ OF ^THk CONtAMT^ 

thd Di#<teiite Fdwira) 
Food at Different Ag^s; 
Social Relations of Food. 



DivxRSiTiEs OF CoNsn- 
TUTioN ; Temperament ; 
Habit ; Diathesis. 

Dibt; Digedtidd} Fbbdi 
Interrals between Meals ; 



fixjiitdb^ ; Exorcise bf 



of Oirl6 ; BxetaiB6pkfpA 
for Adults; for the Aged. 
Of Slbkp. 

df BlTBtNd. 



Of Glothino. 
Of Air and Clikati. 
Hbalth of Mind ; Sdf- 
thmfiki Mettkl Cultuie. 



MANAGEMENT of the OllfiANS of UtGfiSTlOM id HKALTH 

and DiSEABi}, by the Author of the preceding work. 6t. &£. 

TiauiB is a wisdom beyond the rules of pli^e; a mmi'a own obittfnfcicm, irbaA be finds good of* and 
what he finds hurt of, is the best ph^sie to pitoaerre health. • * * If yon nuOce phyMo tdo familiair, itiriU 
make no eztraordinarjr effect when sickness cometh. I commend rath» some diet for o«artain seasoiu waa 
frequent use of physic, except it begrowh into a custom. For these diets alter the body more, and trouble it 

less.— ^ACON. 



HINTS TO GAB CONSUMERS ? cottiiirisitag PMdtifcdl lHf6fllifttl«fi 

on the following subjeets I — 

T. Thb General Properties of Coal-Od& II. Its Cost, ad cottpor^ ^fih ikhkft modes of niumination. m. The 
Convenience^ Safety, and Utility of Oas-Light.- lY^ Managsmeat and Eoonsmtoal Usa of Gas* Yt Qua- 
fitters and Gas-Fittings. YL Gas Stoves. 



i0m0>m0^ ^m *» <w»»»i»»^»##<t#» j^rf>»^»<^»^<»rf»#<i 



THE FAMILY HAND-BOOt, bi* PRACTICAL INFORMA- 

TldiN in pOMEStiC EdONOMY ; including fcookery> Household itfanagement, 
and ail other Subjects connected with the Health, Oomfort^ and Economj 

of a Family. With Choice R^eiptd Aid Tfalnable Hints. St. 



»»*»»*.»«J>W'0»«*« w t *»>.•«— **«<»<«»■* 



THE YOUNG LADY'S FtllEND; a MANttAL o^ PltACl:t 

OAL ADVICE and INSTRUCTION to Young B^mal^ tA th^ii* tetfering 

upon the Duties olf Life kftet quittiti^ School. B7 a LADY. 3«. ^. 



.*«»«l K »*»P«i«»W»*«l«l»*»»f <».#«» *»*>*> 



♦teDtJCATlON AND TREATMENT 01" CHILDREN; the 

iHother'i Book, adapted to the iiBe of Pfli-liilfB and Teabhete. 2*. 6if. 



Kw<w tf^A^i^^^w^tf tf ji^iOtfmjxifciiiiiA^^pi*^^^*^ 



*HE OLD AND NEW POOR LAW; WHO GAINS AND 

wfio LOSES i ei 






A PENNY SAVED is a PENNY GOT. A Village Tttltf, fduoded 

on tWtk %j itiB. F. SULLIVANf AuthoreBS of the RMOeMoM tf a Chaperatu Sd. 



#^>#)»#»>#fc^»^»J» *»#»rf>»i#*#»»#i#»<»<>^ 



USli:?tJL Hli^tS for LABOURERS, on various Subjects. 1*. fidl. 



<»^^<»i#0»»^»>^»^»^#*»#<»»*i^»»^^#»^^ 



COT-fAfetJ Hitf&SANfiRY; the tJTltilt'^ and NAI^IONAL 

ADVANTAGE of ALLOTTING LAND for that Purpose. 4*. 

*iim Uih Ufiljitehtloii^ Wffr'ks iik odifapiied and istied lirider th^ dltectloii of Ui6 liABOmtBtUl' tkOtkH 
flbCttETT, «MM!4hed & fjMdcfti imder tlie ttathnia^ of His late Mftjestj^^ fht! pxeseilt Q«eeii IMwa8«i>) aii<t 
a large portion of the fafl^wnt^i l^obUity and Gentry of As G^nmtty. 



\ 



P^iMVBaHBaBBBSSaS 



^M>l«Mi«A*^M4Mak> 



?9M(lgPBB m JfOHji yf, jA^pgi, yci^pqv 



%^ 



muQmm wqmks 

The SELECT WORKS Qf JOHN CQNNE, D.D., Dean of Saint 

P^lIjL'S ; wift ^ ]yip«QJr of lp§ life, and Pxitip^ Uo^es flf liis TVrJtiftgPi . . 
By HENRY ALFORD, M.A.,' Vicar of Wymeswold, and late ^ 

Fellow of Tmity College, jOamondge. In the Press. 

It has often "been a snbjeot of regret, that the works of this eminent Divine and Poet have not been collected 
i^ a iBo46ni iu)iforp» Bdition^ and i|i the last N^x^bqr 9f fhfi Q^afUflp Bevjeut tjipre qt^cur^ a fecqmmen^aj^i*^ 
fhat sueh an edition should be undertaken. Many monihs, howevw, befi»rethe appeatanoe of that a^iata, 
^9 BTOMpt Editor had jtHimm^nped pr^parifkg fpr thp Pre^ the lafe anA Wo^k^ of Dpline now announced, and 
as it is intended to include the whole of I>onne's Writings that are really valuable, it is hoped that the edition 
wm be welcomed by the Public, and found worthy of becoming a standard book in English Libraries. 

Tlii^ ISELECT W0R5S of JOIfN 3SrOR|lIS, M-A., Rector of 

Bemerton, 1657 — 1711; with Introductory Essays and Notes. By 

R. A. WILLMOTT, Esq., Trin. Coll., Cambridge. In the Press. 



i»»<>»#^^^^^^»»irf^^^^<*^^<^»^#^»^ 



PQ|TR SERMONS peeach^d be^or??: the UNIVERSITY of 

CAMBRIDGE. By the Rev. W. WHEWELL, M.A., Fellow and Tutor of 

Trinity College. In the Press. 



*»j»^r<^*»*»*Nr*»##*^»^r'^^»»'^'*yi»p»**^ 



A VOLUME of SERMONS, by the Rev. DERWENT COLE- 

BIDGK, M.A. . In the Frets. 



• #* *IP^»*^#»<l»#M*»<tf^»»»*»^^»»^>»l»# 



VILIJiGE LECTURES on the LITANY. By the Bev. Wf Lr 

LIAM PALIN, Rector of Stifford, Efiseaf. ^ 6d. 

Hold fa^ the form of sound words.— 3 Titf . i* 13. . 



VN»»<N»*»<^<^<^»»<»»^tf»^»*»*»»i»#»<»*»J^ 



BIBLE BIOGRAPHY ; or connected Histories of the Lives and Con- 
4nct of the Principal Characters of the Old and Kew Testament. By 
BDWARD FARB, Author of a New Version qf the Ptalm. In (h^ Press. 



»^WSi^^^»^i^>^^>.^^»^^>^W»^M»^^»*>^^<»»>»^^^^^ 



BIBLE NARRATIVE chronologically arranged, in the words of the 

authorised Translation : to which is sulijoined a hrief Historical Account of 

the Jewish Nation, the whole f(»inmg one Consecutive History horn 

the Of^eation pf the World to' the Termination of th^ 

Jewish Polity. In the Press. 

A DAILY PRAYER POOR, for Faaiilie§ an4 Schpqls ; arrange^J 

from the Services of the United Church of England and Ireland, after the Form 
and Order of Morning and Evening Prayer. By J. T. BARRETT, D.D., 

^9Pl|^ of Beaiiphajfip-Bpding^ Ess^^^. \s. 6(^. 

A MANUAL OF FAMILY PRAYER; comprising Three Weekly 
Coprs^ pf Mo^iiiqg aq4 Bveniiig Devo^ipn, With Collects fp|t the Feasts 

a^d !p3pts. By the Rev. A. HPRaFALJi, M.^? ' 2«. 



^»i»#i<^i^^^^i^^^^<^<^*^*^^#^ ^»«^»*»<»'»<»^ 



THE BOOK OF PRIVATE PRAYER, for the use of Members of 

. |he United Church ^f England and Ireland. By the Bey^ JO0N A, 
' BOLSTER, M. A., ChapW to the Lord Bishop of Cork and Cloyne. 2s. 
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PUBLISHED BY JOHN W. PARKER, LONDON. 



OFFICE FOR THE VISITATION OF THE SICK; with Notes 

and Explanations. By WILLIAM GOXE, M.A., Archdeacon of Wilts. 

New Edition, enlarged* If. 6cL 



*^k^%AM^tfM«^«M^^MM^^^^^^^PVMM^^««'W^^M 



A DISCOURSE ON DEATH ; with APPLICATIONS of CHRIS- 
TIAN DOCTRINE. By the Hev. HENRT STEBBING, M.A. 4*. 



.^i^M^k^^^hinAA^h^k^kA^k^kMAA^^^M^f^^^* 



DISCOURSES ON REPENTANCE. By the Rev. T. AINGER, 

M.A., AssiBtant Minister of Bt Maiy, Greoiwicli. 2t. 6d, 



M^^AA^AAA^^^^^^ff^^^^^^^^^^^^^^^^^N^h^^' 



THE PROPHETICAL CHARACTER AND INSPIRATION 

OF THE APOCALYPSE considered. By GEORGE PEARSON, B.D., 

Christian Advocate in the University of Cambridge. ]0«. 6d, 



^^^^^^F^^^^^^*^^^^^0^^^0^^^^^^^^^^^^^ 



THE TESTIMONY of OUR LORD'S DISCOURSES to the 

Divinity of His Person and Character. By the Author 

of the above work. 7^ . 6dL 



*»*> <>»i«WO»»l»<i»«*^« «»»>»*»*» »»^> *»*».« 



THE IMAGERY and POETICAL ORNAMENTS of the BOOK 

of PSALMS ; its Prophetic Language and Apocalyptic Character, and the 
Modes of using the Psalter from the earliest to the present Time. 

By the Rev. G. H. STODDART, A.M. 2f. 6d. 



^>»<*w^»*»^»^»rf»*r»»i#*#ii>*»#»#»i^***i^*^ 



ARCHBISHOP LEIGHTON'S PR^ELECTIONES, PAR^E- 

NESES, ET MEDITATIONES IN PSALMOS ETHICO - CRITICiE. 
Edited by JAMES SCHOLEFIELD, M.A., Regius Professor of Greek 

in the University of Cambridge. St. 

CHRISTIAN RESPONSIBILITIES, arising out of the recent 

CHANGE in our WEST INDIA COLONIEa By the Rev. EDWARD 

ELIOT, B.D., Archdeacon of Barbadoes. 3«. 



^»^^^>^^^»<»A^^S^»»K»^P»^i^^^»»^^S,^»i<^W^ 



THE MILITARY PASTOR; a Series of PRACTICAL DIS- 

COURSES, addressed to SOLDIERS; with PRAYERS for their Use. By 
the Rev. JOHN PARKER LAWSON, M.A., MiUtajy Chaplain. 5«. 6d. 



ls.€<L 



* DAILY READINGS FROM THE PSALMS. Adapted for 

Young or Old. 6dL 

* HINTS for the FORMATION and MANAGEMENT of SUN- 

DAY-SCHOOLS. By the Rev. J. C. WIGRAM, M.A., Secretary 

to the National School Society. 

* ADVICE to TEACHERS of Sunday-Schools, in connexion with 

the Church. By the Rev. JOHN MEDLEY, M.A. 3d. 

* A POCKET MANUAL for the SUNDAY-SCHOOL TEACHER. 

By the Rev. J. HULL, M.A. 1*. 

* INSTRUCTIONS for TEACHING ARITHMETIC to LIT- 

TLE CHILDREN. By the Rev. T. V. SHORT, D.D. €d. 



•vnp 



■*»■ 



* ORIGINAL FAMILY SERMONS, 

CONTRIBUTEO BY NEARLY 

ONE HUNDRED AND FIFTY COTEMPORARY DIVINES OF THE 

ESTABLISHED CHURCH, 

▲ND PUBLISHED UNDER THE DIRECTION OP 

THE COMMITTEE OF GENERAL LITERATURE AND EDUCATION OF THE SOCIETY 

FOR PROMOTING CHRISTIAN KNOWLEDGE. 



PUBLISHED BY JOHN W. PARKER, LONDON. 
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PUBIiIftHED BY JOHN W. PAAKER, LONIXm. 



BIBLES AND PEA YER BOOKS. 



THE CAMBRIDGE OHEEK aad ENGLISH TESTAMENT; 

the Greek (from the Third Edition of Stephevs), and the F^n glinh from 

the Authorized Version, t)eing given in Parallel Colmnna on the eama 

Page. A ^ew and Improved Edition, in which the ^laiginal 

Befetences hare been introduced. St. 6dL 



^I^mmm^^0m^mm*0i^0m0m0w0m0m^^0imrm^ 



THE NEW CAMBRIDGE RED-BORDERED BIBLE. 

Tns Edition of tbe Holy Scrlpttiies was imdertaken at the soggertioii of fiia Ute K^jeeff WiUiain tke 
Fourth, for whom an unique copy upon vellum was propared, bat -vAiich, iqion the Kingli dtmifit. was 
presented to Her M^Jeaty Q,ueen VictDfi^ It forma two beaatiful Toimnes to imperial quarto, a rad hoadtr- 
line h^ng printed round eTcrjr page. A limited anmher of eoplea are for sale) the priM of whifdi Iki 
aheets is five pouiida per oopy. 

CAMBRIDGE UNIVERSITY EDITIONS of the BIBLE, 

BOOK OF COMHOK PRAYEB, ftc With tha yno» in sheets. 
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coliunns i 3 



«. d. 

Tate'sPsaJms 4i 

OldP&alms 4i 

41 Twelves, Brevier 1 7 

Tate'B PfealiQs 

OldPsahns 

4S Twelves, Xoft^PrtflMf ..2 

Tate's Pisatans 

OldPsahns 

43 Octavo, Pica 3 

Tate'sPsalms 1 

OldPsahns 1 

Tate's fMms, large type, 

longUnes 1 8 

44 Octavo, Gtedt Primer 

Tate'sFsalma 1 

OldPsalms 1 

Tate's Psalms, laxge type . 1 8 

45 Quarto, Oreat Primer 9 

Tate'sPsahns 1 4 

OldPsahns 1 4 

40 Ditto, Jtoj/ol 18 

Tate'sPsalms 2 9 

QMFHOms S 9 

47 Ditto, /mj9eritf{ paper . .. .» 

Tate'sPtnlms 4 

OldPsalms 4 

49 Folio, Z)ou2>2e Pica 25 

Tate'sPsalms k 

OldPsalms S 

50 Ditto, Jt«»|Mi 

Tftte'sPs^ims 

OldPsahns 

51 The Altar Servioes, B^yal 

Quarto 18 

52 The Offioes of the Ohwcb, 

{eompleU) «.<...... 9 

53 The Ordination Servioe ..10 

54 Tate*s Psalms, Smatt Pied, 

Octavo, long lines 1 a 

5{» Tate's Psalms, BmaU Pica, 

Eighteens 1 3 

56TheP8alter 7 



•/ Tkg «AoM 099 BUppHed whoksaie and retaii tn sheetSy and ar9 oho kepi bound, imj^reat 

varieties ofcommony plain, and elegant bmding. 
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ROMAN CHURCH AND ROMANISM. 



\ 



THE ROMAN CATHOLIC DOCTRINE OP THE EUCHA- 

HIST. The Scriptural Argument considered, in reply to Dr. Wisenuw. 
By THOMAS TUllTON, B.D., Regius Piofessor of Divinity in the 

Uttivei^ty of Camblidge, aiid Dean of Peterborough^ 6i. 6<2. 

In tte cdufse of the year 1836, Dr. Wlsethan published A volHine of Lectures on the Real Presence of the Body 
ii«i Bload of Our Lord Jeius Christ in the Blessed Eucharist, also two Tolmnes df Leetures On the Principal 
VoetrinM and Practices of the Catholic Church. >if « * ♦ On penuiiig the LeciurM on the Euebarlst, 
they appeared— whatever the oose may be -to contain ao many false prinoipLes— so niaaiy errone6uB state- 
mtets->^«o mttoh inomrreet reaaoninp— «o many incooaaeqnent eoncliisloils— that I was Impelled by ft sense of 
dtiiy to pdlnt oat tho variohs tnQUgz«S8ions in all those respects, which had ooourred to me. 

ARCHBISHOP USHER'S ANSWER TO A JESUIT; with other 

i - Tracts on Popeey. 13«. 6cL 

I 

" THE CItUllCHES OF ROME AND ENGLAND Compared in 

their Declared Doctrines and Practices; by RICHARD MANT, D.D., 

M.R.I.A., Lord Bishop of Dowir and Connob. 6d. 



I 



#^^^i^M^t^^\^«^«^Ws^tf^^«^k^h^«^t^kA^vAi^^^'^^A« 



ROMANISM AND HOLY SCRIPTURE COMPARED ; wherein 

1 1 is shown the Disagreement of the Church of feome with the Word of God. 

' By the same Author* 9<L 



A .n^ i rh«n < l ii nf>^ < ~ > r > ^K%-^4ii" 



THE ROMAN CATHOLIC CHAPEL: ot LINDENHURST 

PARiefl ( a Tale. By R. M. ZOliNLtN. 2*. 6d. 



HEBREW LANGUAGE. 

A HEBREW GRAMMAR, fw the USE of SCHOOLS and STU- 
DENTS in the UNIVERSITIES. By CHRISTOPHER LEO. 12«. 6rf. 

In addition to the information generally contained in Hebrew Grammars, the following advantages, amongst 
•ttiers,- atv peculiar to this Grammar : 1. Nouns, which are iisqally airanged in Thirteen classes, are divided 
6ito PiVb;^. pSn rnles are giv^ respecting tile chaiig^s Of the towel l^olnts, and the position of the 
Aotenttf ',^3. Tko 6«Jnii«ftli()n. Of Verbs is bre»tly fbcmtated} and the dMculties unlvarsslly experienced, 
with regard to the Tenses of Verbs, are removed;— 4. Much light is thrown upon Hebrew Idioms. 

ftESENtUS' HEBESW LEXICON, translated by CHRISTO- 
PHER LEO. Two Vols., at 3«. 



SYRIAC. 

THE ELEMENTS OF SYRIAC GRAMMAR, by Ae Rev- G. 

PHILLItS^MJ^i, ¥9llow and TuKw of Queen's C«Uage,Cwnlwidge. 10s. 



at±s±: 



GERMAN LANGUAGE and LITERATURE, 

BV l^BOFEBSOB BERNAYS, OP KliTG'S COIitEGE, lOKDON. 



GEltMAN GRAMMAR. 5». 
GERMAN EXERCISES, adapted to the 
Grammar. S*. 6d. 

GERMAN EXAMPLES, foniimg a KEY 
to the Exeteisies. ^ 



most Popular Writers, with Translations and Notes, 

fortheiiseof Beginners. 5s. 
GERMAN POETRY for BEGINNERS. 4*. 
GERMAN HISTORICAL AKTM0L6- 

GY. 7*. 



GERMAjTrEADER, a Selection from the I GERMAN POETICAL ANTHOLOGY.?*. 



CLASSICAL— MA THEMA TICAL— UNIVERSITY 

STUDIES. 



A CLASSICAL LEXICON ; or. Complete MANUAL of the MY- 
THOLOGY, HISTORY, and GEOGRAPHY of the Greek and Roman 

Classics. By F. SCHULTE, D.C.L. In the Press. 

Thb author of this elaborate work, upon which he has been employed for several years, has at length nearly 
reached the close of hib arduous labours. The printing of the -work is in progress, and the publication of ft 
will behast«ned with all the speed consistent with the correctness of the Press. 

The object of this Classical Lbxioon is to famifdi, upon a uniform plan, a Slanual of Reference, caloa- 
lated to facilitate the study and understanding of the ancient authors read in schools and colleges. The 
!Ei^;lish alphabet has been adhered to, but to the proper names has been added the Greek orthography, and 
the quantity, accent, and the genitive of the third declension, have been carefully marked. In the geo- 
graphical portions, modem names have been added. 

STEMMATA ATHENIENSIA; TABLES OF BIOGRAPHY, 

CHRONOLOGY, and HISTORY, to faciUtate the Study of the GREEK 

CLASSICS. Se. 



»»»»»»■»»*«»■>**— «»i«»w»w» » «»»i m »«i» 



THE FROGS OF ARISTOPHANES, with ENGLISH NOTES, 

for the Use of Schools and Students. By the Rev. H. P. COOKESLEY, 

Editor of The Plutus, and The Birds. 7s. 



*^^^^^*i ^^^^* ii *^^^r^^*^ i ^*w* M "W>fM'VU'* 



SCHLEIERMACHER'S INTRODUCTIONS TO TfiE 

DIALOGUES of PLATO; translated from the German, by WILLIAM 

DOBSON, M.A., Fellow of Trinity College, Cambridge. 12«. b<L 



DISSERTATIONS ON THE EUMENIDES OF JESCHYLUS, 

with the Greek Text, and Critical Remarks. Translated from the German 

of C. O. MULLER. 9«. 6dL 



THE MECHANICAL EUCLID. By the Rev. WILLIAM 

WHE WELL, M. A., Fellow and Tutor of Trin. ColL Cambridge. 5s. 6d. 



^^A^k^MMMW^^^VM^'^'^^^M^^^'V^W^^'^^k 



THE FIGURES of EUCLID; with Questions, and a Praxis of 

Geometrical Exercises. By the Rev. J. EDWARDS, M. A., of King's College, 

London. Ss. 



•*«»*»«*>*»«t«»»««i»«o»«»»..w*««»*— . 



A COMPANION to EUCLID ; being a Help to the Understanding 

and Remembering of the Fu«t Four Books ; with a Set of Improved Fignres, 
and an Original .Demonstration of the Proposition called, in 
\ Enclid, the Twelfth Axiom. is. 



W»»*«i» t0 m t t* « »00»^»0'S0mr.».^0mr m 



The PRINCIPLES and PRACTICE of ARITHMETIC. By 

the Bev. JOHN HIND, M.A. 7». 64 



*^m9<0^m^»0>m^im0im0i^i^m^^i0im0'^^^0im^^^ 



THE DOCTRINE OF LIMITS, with its AppUcations; namely, 

The First Three Sections of Newton — Conic Sections — The Differential Galenlus. 

By the Bey. WILLIAM WHEWELL, M.A., &c. In the Press. 



PimiilSHED BY JOHN W. PARKER, LONDON. 21 



AN ELEMENTARY TREATISE on the DIFFERENTIAL and 

INTEGRAL CALCULUS. By the Rev. T. G. HALL, M J^., Professor of 

Mathematics, King's College, London. I2s. Sd. 



^»<^^»<^^>r #» *>^»» j^rf^ j^ j» #» *» **<** 



LECTURES upon TRIGONOMETRY, and the APPLICATION 
of ALGEBRA to OEOMETRT. The Second Edition, considerably Altered. It.ed. 



^tf'JW K ^^^O^Ol^O^*^!*^*^*^***^^ *#*»## 



SOLUTIONS OF THE CAMBRIDGE PROBLEMS OF RE- 
CENT YEARS ; with Copious Explanations and Additions. By 

J. J. SYLVESTER, of St John!8 College, Cambridge. In the Press. 

MATHEMATICAL THEORY OF HEAT. By P. KELLAND, 

M. A., Fellow and Tutor of Queen's College, Cambridge. 9«. 

I THE THEORY of the EQUILIBRIUM and MOTION of FLUIDS. 

By THOMAS WEBSTER, M.A. 9*, 

THE MATHEMATICAL PRINCIPLES OF MECHANICAL 

PHILOSOPHY. By JOHN H. PRATT, M.A. 21*. 

A TREATISE on the THEORY of STATICAL COUPLES; 

with a Simple Method of Investigating the Ellipticity of the Earth. 

By the Rev. CHARLES PRITCHARD, M. A. 4«. 



i 



PRINCIPLES of ENGLISH UNIVERSITY EDUCATION. 

By the Rev. WILLIAM WHEWELL, M.A., F.R.S. &c., Fellow and 

Tutor of Trinity College, Cambridge. 6*. 

A DISCOURSE on the STUDIES of the UNIVERSITY of 

CAMBRIDGE. By the Rev. PROFESSOR SEDGWICK. As. 

THE STUDY OF MATHEMATICS conducive to the Develope- 

ment of the Intellectual Powers. By the Rev. TEMPLE CHEVALLIER, 
B.D,, Professor of Natural Philosophy in the University of Durham. 1*. 6rf. 

PALEY'S EVIDENCES OF CHRISTIANITY EPITOMISED; 

with a view to exhibit his Argument in a small compass, without omitting or 
weakening any of its component parts. By a Member 'of the University 

of Cambridge. t>s. 



I<t»><»» *»#»*» !»»*»** *»*#»•» #A*»<W<^<^<^^^ 



EXAMINATION QUESTIONS on BUTLER'S ANALOGY of 

Natural and Revealed Religiox. By the Rev. GEORGE W. CRAU- 
FURD, M.A., FeUow of King's College, Cambridge. 2s. 6d. 



BISHOP HALLIFAX ON THE CIVIL LAW; a New Edi- 
tion, with Additions, by JAMES WILLIAM GELDART, LL.D., the 
Queen's Professor of the Civil Law in the University of Cambridge. 8s. Od. 
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SELECT MODERN SCHOOL BOOKS, 

CHIEFLY USED AT KING'S COLLEGE, A^P OTHEE PITBLIC SCHOOLS, 

*•• For more advanced WorJu, in variout Branches, see the respective Divisions of this Catalogue* 



♦SKGLISH GRAMMAR. By the Rev. 
Br. Bi]«^U» kilif fff tiie CbHttv-nvtue eOmh U.m* 

♦The CLASS READING BOOK ; designed 
to fumiBh Youth with Information on a "Variety of 
gnblects. By George L«dk>w, anfi of the MaaiiGr^ «t 
Christ's Hospital, Hertford. 3s. bound. 

•OUTLINES OP GEOGRAPHY. By 
Goorys Hogarth. With Maps Bn4 Cuts. TfiUpjerio^f 

•OUTLINES of the HISTORY of ENG- 
LAND. By George Hogarth. With Engraylngs of 
Costmn^s, Antiquities, &c. U. 3ef. 

♦OUTLINES of ROMAN HISTORY. By 
Gaoxge Hogarth. With€ut8Cif Caetotu^,.dca. lOd, 

♦OUTLINES of GRECIAN HISTORY. 
By the Rev. Barton Bouehier, M.A. With Maps 
ttB4 TIews. If. 

♦OUTLINES of SACRED HISTORY; 
frdm the Creation of the World to the Destruction 
of Jerusalem. With Engravings. 3*. 6d. 

A MANUAL of ANCIENT GEOGJtA- 

PHT; with the Ancient and Modem Names of 
PlAoet, and the Words mark^ vith their proper 
Quantities. By the Rev. William Hildyard, M.A. 
2*. 6rf. 

♦OUTLINES of ASTRONOIWY. By the 
Hev. T. G. Hajl, M.A., 4*rofessor of Mathematics, 
King's College, London. With Cuts. Tenp^ice. 

♦THIS ELEMENTS of BOTANY, m&i 

numerous Illustrative Cuts. A New Edition, En- 
larged and Improved. 2s. 



A PRACTICAL INTRODUCTION TO 

ENGLISH COMPOSITION. »y the Rev. I. Ed- 
waa4e, M.A., King's CoUege. 2s..6i, 
FABLES, and Moral Maxims. Selected by 
Anne Parker. 3*. 6d. 

POPUIiAB P051!MiS.'fietectedhy BHzaheth 

PadJjer. 3s. Gd, 

♦MUSIC INSTRUCTION CARDS, pre- 
scribed in Turner's Manual. No. I., Notaticffi; No. 
n.. The Diatonic Major Scale, or Key; with Exam- 
ples, &c. Is. per Dozen Cards. 

•READINGS ia BIOGRAPHY ; a Sdeo- 
tioA of tbe Mv«0 of the mwti Moiiami Vien. qi aU 
Nations. ^.6d. 



♦ARITHMETIC TAUGHT BY QUES. 

TIONS. ls.6d. 

IMPROVED ARITHM]ETICAL TA- 
BLES, Practically and Decimally Arranged; with 
Shbrt Rules for Mental Calculations. For the ITae 
of Schools. vBy H. N. Solomon. 9d, 

THE FIGURES OF EUCLID ; with Ques- 
flons, 23x4. A Praad9 of jGeometriceJ. Ezerdflos. 1^ 
the Rev, J. Ed^wac^s, M.A., of King's Co]J[je$e. Se. 

•A FIRST BOOK of ALGEBRA, specially 
IHr^)ared for the Yoimg student. 1*. 6rf. 

•A FIRST BOOK on GEOMETRY; in- 
. eluding PLANE and SOLID GEOMETRY, and an 
'Mo4no^fif^ t0 Tl^GONOMETflY. Is. fid, 

*EASY LESSONS i;&f MECHANICS : with 
. iFamlUar Hliistratlons of the Practical. Apstlica^ion 
otMedtKDical SMnoifAeir Or. 



LB TELLIEE'» FBBNCU GEAJSIM4?/ 

translated, and practically adapted for Engliwh 
Teaching, by J. F. Wattez, French Master, in King's 
College School* fiondopu In fhe frtst. 

VENTOUILLAC'S RUDIMENTS el tli# 
FRENCH LANGUAiaa; or FISST FRENCH 
HEAPING BOPJi^. E^iteAby J. f* Wattez. 3s. 6d. 

LIVRE DE CLASSE; with ENGLISH 
NOTES. 6*. 

FRENCH POETHY; with ENGi;.i:SH 

NOTES. 9S. 

PRACTICAL eXEROISEi; Ml FRENCH 

PHRASEOLOGY; with a Lexicon of Idiomatic 

Verbs. 3*. Gd. 

THE FRENCH SCHOOL CLAS^^ 

Cajreful Abridgments' of Popular FtenOh WoAs, 
for the use of Young Persons of both Sexes, In a 
state altc^ther unobjectionable. 



YOY^GES DB CvflLUS. 2«. 

BellsaiUe. Is, 6d, 



Charles XII. 2*. 
Gil Blas, in the press. 



AN ELEMENTARY GRAMMAR of the 

LAWN j:iANGfTAGB, vHfe PRACTICAL EXER- 
CISES. ByDr.fiotalto, Is.Gd. 
MAJOR'S LATIN EXERCISES for the 

Junior Classes of King's College SchooL 2«. 6d. 

PROGR^SSIVJE EXERCISES w L^y^ 

•a 



with 
with 



LYRICS. By the Rev. J. Edwavds, M.A., 
College, Lo«dvi* ^t A^i^ |>y th^ ppnif^ 

1. The iCATILJIiTEJ of SALLUST ; 
Anthon's Notes. 2s. 6df. 

2. The JUGURTH A of SALLUST ; 
Anthon's No^. %s. Gd. 

3. SELECT EPISTLES of CICERO and 
PLINY; with English Notes. 4*. 

SELECT ORATIONS of CICERO ; with 
EagUfih ^te9. Critical and Qjstoiio^. Sf.^ 

LATIN SELECTIONS: C0RJ^ELIU8 
NEP08, PHjEDRUS, and OYID'S MfiTAJIOB- 
PHO6B0S ^th BjBtorioal waA Geofxaphical Out- 
line, Rules of Syntax, a Vocabulary, Exercises in 
Scanning, fcc By T. S. Carr, Master in King's 
Collece. • 3^. 6rf« 

RULES and EXERCISES m the USB of 
the LAI^N SUBJUKCVIYB HODB. SytiMRoT. 
JamefiCrcvdKr* Mvl. 4^. 

The Ket, for the Use of Teachers. 2*. SdL 



GREEK, 
THE FIRST G-REBK EISAPEIt^ ifiim 

the Qeruaan of ^JA-CjOBS, ^rith English ;(7otes. 
By the Jlejr. J. Edwards, M.A.— /« the Press. 
EXCERPTA EX HERODOTO; with 
English Notes, by the Rev. J. R. Major, M.A., Head 
Master of King's College School. 4s. Gd. Also, 

flJCCBRPTA EX Xp:N0PHO!SirT13 0%^ 
ROP^DIA, with a Vocabulary, and Notes. 3s. 6rf. 

A SCHOOL GREEK TESTAMENT. 
Sf/6<?. bound. \l 
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♦THE BIBLE WOED-BOOK; 

The Rxtdimevts op English Grammar, taught by the Words or the Old 

. AVP ii^%W T]is?AVCirt» ctAfSBD ACcbRtnUG to tpis Par^s oi^ Si^bech ; 
The several Usages and Vatiations of eaeh Part being Alpfaabetieally arranged, according 

to ^be Nuinb^ of Syllables^ }«. 

Th^ Compiler of tbto Uttto W<)r}( ]u»p)wrved, Qiat olilldxeB wbo «ni setfii^ t9 r^ tb« BiMe litfytp they 
Of^ ^tsily spell tbe vo^lst not oi^y lose mwih time* but^ conpiderjxi^ it to be a Jwrd jLesfOD-book of Words, 
often use the Biblp itself ivith lit^e ireverence, and habitually regard it with otbar feelings tban ibo^ of 
pleasure and delist. ' The obvious remedy is, to provide a book which shall render it unnecessary to make a 
LeB80|i)rWQi4-9ook of the Bible i aqd ap to arraogs in it ^he words which the Bihle oonMns, fw to waUi tbo 
teamer tn his progress fi-om that which i» fitsy to that which is difficqltr 

A. complete Index, in short, of e/mtf word used ^n the Bible, f s here pat into the learner's hand ; ^nc. 
if, at aaw fature pertod of hts lifis, he fhall be desirous to know what asy wwpd is as to its sort, he will be able 
to «Mpi9 the tffammi^tiad iBCermmtton vhicU he seeks, by a mere referenee to the wor4> as it is alphas 
hfti«a]Jiy %mia9e4, A()epn||Pg4o th« ^M9 tQ W^idk it belongs, and the number of its syllables. 

♦THE INSTRUCTOR; 

A SERtES OF 

i^UBMENTAET WOBKB IN VARIOUS PBANCffES OF KNOWLEDGE/, 

epe^Uy i>r»pared for Yovisa Persons, in Fa3iiljes or Bcrpols. 

In Six Flrogvessive Volumes, either of which may 

be ha4 separately, at 2s, each. 



TOLUMJJ I. 

Easy Exercises on Familiar Subjects. Mo- 
tpI T^Ies. C!(»}verfatfona of a Mother with her 
CWldr^, 

VOLUIO; 11. 

pQp9l^ JHustrations of the Building of a 

noaie$ ttie Materials used. L^eons on Fumltqre, 
Food, and Clothing. Lessons on Hetf th. 

VOLUME in. 
Lessons on the Un^Fers^• The Heftrenly 

Bodies. The Earth. The Seas. Natural Pheno- 
pvma, PiflTerfut Qa<»eB of Mankind. The Three 
Kioffdoms of Jfatf^. The Human ^onn and 
6tructiire. 



VOLUME IV. 

The Calendar and Almanaci Oilgin of 
the Divisions of Tiine. Histi^rlefi of the Tanpua 
Years. The Moatjm; Changes of the Moon. 
Weeks; Greek Pecades; Homan Calends* Pap. 
Duration of Periods. The Seasons; their progressive 
Changes, Products, App^arpjices, and ^h^oppantl* 
VOLUME V. 

Descriptive Geography ; f^ general View pf 

the various Coxmtriesof the World, their People 
and Produptiona. With a Sedes of Maps, and a 
Section of PppiUar Statlstie^. 

volume; vl 
Ancient Hjstory; The Bise ai^d Fall of 

the Ancient Monarchies, comprising a History of 
Mankind, to the decline of the Roman Empire. 



VOX'UME yU>, (in th^ Pir^, Vfii will ooipple^ ^he Work,) comfvlees the Sistoiy of the 

Middle 4geB, and l^odem piatoiy. 
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BOOKS FOB CHILDREN 



JPr^tly I4e4(«<mfii for Good Children; to 

whiah 9X9 added, Safly LfiSBons in Latin. 
2s. 

Easy Poetry for Children. U. 6d. 

Eady Grammar for Children. By a 

Lady. 

Beading Lessons from the Books of 
Proverbs and Bodeeiaetes; vith Questions 
aod Answers spon them. 6d. 

Songs for Children. With Cuts. 4d. 

Scripture Hymns in Frose. With 

Cuts, fief. 

*A Little Reading Bpok for Young 

Children. 4d. 

tillage Annals 5 or the Story of 

Hetty Jones. 9d, 



*A Colliery Tale ; or. Village Distress. 
id. 

^Lessons of Praise in Easy Ver*e» 4rf 

^Insects and their Hftbitations. With 
Cijts. 1*. 

Simple Tales for Children. With 
many Cuts. U, 

The Stolen Child ; or, Laur»*j| Adven- 
tures and Sufferiii^ "idth the Tziyvelliiig 
Showpian apd his {"amily. Bv Obarlotte 
Adams. Is. 6(1, 

The Child's Verse-Book of Devotiop. 
U. 

Familiar Lectures to Children; where- 
in the Truths of ^e Gospel are engagingly 
set forth. Kew Edition. If* 6& 
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APPROVED BOOKS FOR YOUNG PERSONS. 



m m 



For Historioaly Literary, and Classical Worksy Natural History, School Books, j«.y 

the respective Divisions tf this Catalogue* 

The DEAF and DUMB BOYj 
Tale: with some Account of the Mode oi 
Educating the Deaf and Dumb. By ihel 
Rev. W. Fletcher, M. A. 2<. M. 

The HISTORY of SANDFORD andl 

MEBTON ; originally written by Th< 
Day, for the Use of Young Persons: 
vised, Modernized, and Abridged, by ~ 
Maria ZomUn. With many Cuts. 3«. 6dL 

THE CHILD of the ATLANTIC; or,| 

the Adventures of a Foundling by Sea aac 
Land. By Charlotte Adams. 

FABLES and MORAL MAXIMS, inl 

Prose and Verse ; selected by Anne Parker*] 
With One Hundred Wood-Cuts. 3«. 6dL 

POPULAR POEMS for Young Per- 
sons ; selected by Elizabeth Parker. St. 

FIVE HUNDRED CHARADES, froi 

History, G^graphy, and Biography. 1«. 

* PERSIAN FABLES, for Young ani 
Old. By the Bev. H. G. Keene^ M. A. Wi 
EngravingEb 1& 

* PERSIAN STORIES; illustrative of I 
Eastern Manners and Customs. By the same. | 
With Engravings. \s, 

* EASY LESSONS on MONEY! 
MATTERS ; for the Use of Young People,] 
Is. 

LE BOUQUET LITTERAIRE. ReJ 

cueil de Beautes Beligieuses et Morales dol 
divers Auteurs. Par feu L. T. Yentouillacl 
^.Gd. 

QUESTIONS on the GOSPEL 
St. LUKE, with Lectures thereon. By 
Bev. T.^Vowler Short, D.D. Zs. 6dL 

FAITH AND PRACTICE; or, 

Applicatidki of Christiaii Principles to 
Practical Duties of Life. Is. 

FAMILIAR LECTURES to CHI] 

DBEN ; wheiein the Truths of the 

are engagingly set forth. Edited by the Bev*] 

Hobart Gaunter, B.D. Is. 6d. 



FIRST SUNDAYS at CHURCH, or 
^an^liar Conversations on the Morning and 
Evening Services. By the Bev. tf. E. 
Biddle, M.A Ss. 6d. 

ABBOTT'S READER; a Series of 
Familiar Pieces, in Prose and Verse. By 
the Authors of The Young Christian; The 
Comer Stone ; The Teacher ; Sf^c. 3«. 

PETER PARLEYS UNIVERSAL 

HISTORY, on the Basis of Geography. 
With Two Hundred Engravings, 7«* ^ 

TALES AND STORIES from HIS- 
TORY ; by Agnes Strickland. Two Vols., 
with many Engravings, ^s. 

* SCENES and SKETCHES from 
ENGLISH HISTORY. With Cuts, 3*. W. 

CAPTAIN COOK; his LIFE, VOY- 

AGES,and DISCOVERIES; with Accounts 
of Pit(»am*s Island, and the Mutineers of the 
Bounty. Engravings, 2s, 6d. 

CHRISTOPHER COLUMBUS ; his 
^ LIFE, VOYAGES, and DISCOVERY of 
the NEW WORLD. 2s. 6d. 

* CONVERSATIONS of a FATHER 
with his CHILDREN. Two Vols., with 
Engravings, 5s. 6d. 

CONVERSATIONS ON GARDEN- 
ING AND NATURAL HISTORY. 2s. 6dL 

The HOUSE I LIVE IN ; or. Popular 

Illustrations of the Structure and Functions 
of the Human Body. Edited by T. C. 
GIRTIN, Surgeon. 2s. €d. 

* SISTER MARY'S TALES in NA- 
TURAL HISTORY. With Cuts. 2s. Gd. 



Mrs. GODWIN'S TALES FOR YOUNG 

PERSONS. 

1. COUSIN KATE; or, the Punishment of 

Pride ; a Tale. 

2. BASIL HARLOW ; or, ProdigaKty is not 

Generosity. 

3. ESTHER MORE; or. Truth is Wisdom. 



*-^OVIS^^^Y^OV^;ar.U^l^,res.^^^,j^ ^^^ ^p CONFIRMATION 



sions. 



6. ALICIA GREY; or. To be Useful is to be 
Happy. 

6. JOSEPHINE ; or. Early Trials. 
With Engravings, 2s. each. 



EXPLAINED. By the Rev. D. L E^ 
M.A. Sixpence. 

A FEW WORDS ON THE SI 
OF LYING. By A Layman. Threepenea.' 



